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Bai to4n ham so va cac van dé lién quan thugc logi co ban, dé gidi quyét tot phan ndy cac em
nén luu y dén cdc buéc cia mét bai toan khao sat va vé do thi ham sé. Trong chwong trinh thi
Tuyén Sinh dai hoc chi d@é cdp dén ba dang ham sé co ban dé 1a ham sé bdc ba, ham tring
phirong va phén thirc bac nhat trén bac nhat. Cuon tai liéu nay trinh bay mdu cdc buéc cua mét
bai toan khao sdt, ngoai ra cdac bai todan lién quan dwoc phan theo tung dang. D6 la cdc bai
toan:

- Bai toan khdo sat su bién thién va vé do thi cia ham sé

- Bai toan Vvé tinh don diéu cuia ham sé

- Bai toan vé diéu kién nghiém cia phirong trinh, hé phwong trinh( dwoc trinh bay chi tiét
trong chuwong 2)

- Bai toan vé sir fuong giao cia do thi ham so

- Bai toan vé cuc tri ham sé

- Bai toan vé tiép tuyén vei do thi ham so

- Bai toan Vvé cdc diém dac biét

BAI TOAN KHAO SAT SU BIEN THIEN VA VE PO THI HAM SO

Dudi ddy trinh bay mau cach khao sét su bién thién va vé do thi ham s ciia ba dang ham sé la
ham da thuc bdc ba, ham trung phuwong va ham phdn thic bdc nhat trén bgc nhat.

Ham da thuc bdc ba

Cho ham s6 y = x* —2x* +(1-m)x+m ,m la tham sé thuc.
Khao sét sy bién thién va v& d6 thi caa ham s khi m=1.

Trinh bay:

Khi m=1tacé hamsé y=x*—2x* +1.
+ Tap xac dinh: R
+ Su bién thién:

- Chiéu bién thién: y'=3x’ —4x; y'(X) =0 < x =0hoac x:g.

Ham s6 ddng bién trén cac khoang (—0;0)va (g;+oo]; nghich bién trén khoang (0%)

- Cuc tri: Ham so dat cuc dai tai X =0;y., =1, dat cuc tiéu tai x =§; Yor = —%.
- Gigi han: lim y = —oo; limy=-+wo.
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- Bang bién thién:

x -0 1] 413 +oo

y' +oo 4+ o - o + 4o

y f/,? x_‘. //?
5127

+ Db thi;

(10) (01).

Ham trung phuwong

Cho ham s6 y = x* —2(m+1)x* +m, m Ia tham s6 thyc.
Khao sat su bién thién va vé& db thi ham sé khi m=1.

Trinh bay:

Khi m=1, taco hamsé y =x* —4x* +1.

+ Tap x;ic dinh D=R

+ Su bién thién:

- Chidu bién thién: y=4x°—8x;y'=0< x=0hoic x =+/2
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Ham sé nghich bién trén cac khoang (—oo;—\/E)va (O;ﬁ);déng bién trén cac khoang
(—ﬁ;o)va (ﬁ; +oo)

- Cuc tri: Ham sb dat cuc tiéu tai x = £+/2; y., =—3, dat cyc daitai  x=0;y, =1.

- Gigi han: lim y = lim y =+,

- Bang biénxtagzn: o

¥ -0 122 0 [2]2 +oo

y e - 0+ 0 - 0 4+ +m

Y m&_/ﬂ K_ﬂm

+ Db thi;
P (0:1) (i 2+\@;0);(i 2—@;0).
Ham bdc nhat trén bac nhat
Cho hamsb y = 2x+1
X+1
Khao sat su bién thién va v& do thi (C)ctia ham sb da cho.

Trinh bay:
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+ Tép xac dinh: D =R\{-1}
+ Sy bién thién:

- Chiéu bién thién: y =

>>0,VxeD
(x+1)

Ham s6 dong bién trén cac khoang (—oo;—1)va (—1;+00).
- Gidi han va tiém can: I|m y=limy=2; tiémcanngang y=2.

—>—0 X—>+0

lim y=+00, lim y=—o0;tiém cin ding x=-1.
x—(-1) x—(-1)"

- Bang bién thién:

¥ =] -1 +co
! 0 + + 1]
+oo 2
y j//_,,.z? //,/-?
2

w s 8 7 6 5 4 3 2 A 1 2 3 4 5 6 7 8 9 °

+ Db thi;

(—%;0) (0;1).

BAI TOAN VE TiNH PON PIEU CUA HAM SO

Phwong phdp:
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Hamsb f (x) dong bién trén khoang (a;b)khi va chi khi f'(x) 20, vxe(a;b).
Hamsé f (x) nghich bién trén khoang (a;b)khi va chi khi f'(x) <0,vxe(a;b).
Ta thuong bién doi bat phuong trinh f '(x) > 0thanh hai vé mot vé la ham ciia x con mot vé chira
thamsé m.
C6 hai dang bat phuong trinh sau
f (x) > g(m),vxe(a;b) < g(m) < ergrg) f(x).
f (x) <g(m),vxe(a;b) < g(m)= En(gg() f(x).

Trong d6 g(m) la ham s6 theo tham sé m.

BAI TAP MAU

Bai 1. Cho ham sb y:%(m—l) x* +mx? +(3m—2) x

Tim tat ca c4c gia tri cua tham s6 m dé ham sé ddng bién trén tap xac dinh.

Loi gidi:

+ Tap xac dinh D=R
Taco y'=(m-1)x*+2mx+3m—2
Vay ham sb dong bién tren  tap xac dinh  khi va chi  khi

50y m-1>0 m>1 -
>0,Vx & = oS m>
y A'=m?—(m-1)(3m-2)<0 " |(2-m)(1+2m)<0
Vay m > 214 nhitng gié tri can tim.
L. . mx+ 4
Bai 2.Cho hamso y = .

X+m

Tim tat ca c4c gia tri ciia tham s6 m dé ham s6 nghich bién trén khoang (—oo;1).

Loi gidi:

+ Tép xac dinh D =R\{-m}.
m’—4
(x+m)2

Taco y'=

Ham s6 nghich bién trén tirng khoang xac dinh khi va chi khi y'<0em’ -4<0& -2<m< 2.
Dé ham s6 nghich bién trén khoang (—o0;1)thi ta phai c6 -m >1< m<1
Két hop 2 diéu kién trén suy ra —2 <m <1.
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Bai 3. Cho hams6 y = x®+3x* —mx—4.
Tim tat ca c4c gid tri ciia tham s6 m dé ham s6 dong bién trén khoang (—o0;0).

Loi gidi:
+ Tap xac dinh D =R.
Tacod y'=3x"+6x—m
Ham s6 dong bién trén khoang (—o0;0) khi va chi khi

y'20,Vxe(-0;0) < m< f(x)=3x"+6X,Vxe(-0;0) <m< min f(x)

Xe(fooO)
Ta c6 f'(X)=6x+6,f'(X)=0< x=-1. Lap bang bién thién cia ham s6 f(x)suy ra
r(r]ino) f(x)=f(-1)=-3

Vay gi4 tri can tim cia m1a m < -3.

Bai 4.Cho ham s6 y = 2x* —3(2m+1)x* +6m(m+1)x+1.
Tim tat ca c4c gi tri cia tham s6 m dé ham s6 ddng bién trén khoang (2;+o0).

Loi gidi:

+ Tap xac dinh D =R.
Taco y'=6x*—6(2m+1)x+6m(m+1) co A=(2m+1)2—4m(m+1)=1

=m C . «
y'=0 @{ - Suy ra ham s6 dong bién trén moi khoang (—oo;m)va (m+1;+0).
X=m+

Vay ham sb dong bién trén khoang (2;+o) khiva chikhi m+1<2 < m<1.

Bai 5. Cho ham s6 y = x* —2mx* —3m+1.
Tim tat ca cac gi4 tri ciia tham s6 m dé ham s6 dong bién trén khoang (1;2).

Lot qidi:

+ Tap xac dinh D =R.

Taco y'=4x° —4mx=4x(x*—m).

+Néu m<0=y'>0,Vxe(L2)= m<0thoa man.

+ Néu m>0= y'=0c6 nghiém phan biét x = —v/m,x =0, x =/m .

Ham sé dong bién trén mdi khoang (—\/E;O),(\/Eﬁoo). Vay ham sé dong bién trén khoang
(1;2) khi va chi khi vm <1< m<1.

Vay gia tri can tim cia m 13 (-o0;1].
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Bai 6.Cho hamsé y = x*+(1-2m)x* +(2—m)x+m+2.
Tim tat ca c4c gid tri ciia tham s6 m dé ham s6 dong bién trén khoang (0;+o0).

Lo gidi:
+ Tap xac dinh D=R.
Taco y'=3x"+2(1-2m)x+2-m
Ham s6 dong bién trén khoang (0;+0) khi va chi khi
y'=3x"+2(1-2m)x+2-m>0,Vx & (0;+x)
< 3x* +2x+2-m(1+4x) > 0,Vx & (0;+)
3% +2X+2

&S f(X)=———2>m,Vxe(0;+0) < m< min f(x
) 1+4x ( ) x&(0;4+20) )

2
—2(6X +x-3) =0 6x° +x-3< x:—_lhﬁ—3

Taco f'(x)=
) (4x+1)2 12

>0.

Lap bang bién thién caa ham s f (x) trén (0;+c0)suyra min f(x)=f

Xe&(0;+0)
Vay m< 3+g/ﬁ

{—1+\/ﬁJ= 3+\/7—3
5

12

la gia tri can tim.

Bai 7. Cho ham sb y:%x3—2x2+mx—2.

Tim tat ca c4c gia tri ciia tham s6 m dé ham s6 dong bién trén khoang (—oo;1).

Lot qidi:

+ Tap xac dinh D =R.

Taco y'=x"—4x+m

Vay ham sb dong bién trén khoang (—oo;1)khi va chi khi y'=x* —4x+m >0, Vx & (—o0;1)

o m2 f(X)=-X +4x,Vxe(—0;1) < m2= max f(x)

Xe(wo;l)

Taco f'(x)=4-2x>0,Vxe(—0l)= rpﬁaxl) f(x)=f(1)=3.

Vay m >3 la gia trj can tim.

Bai 8. Cho ham s6 y = x* —3mx® +3x+3m—4.
Tim tat ca c4c gia tri caa tham s6 m dé ham sé nghich bién trén doan c6 do dai dang bang 1.

Loi gidi:

+ Tap xac dinh D =R.

12




CHINBHUC

TOANTU A-Z

Taco y'=3(x* —2mx+1)
Vay ham s6 nghich bién trén doan c6 do dai ding bang 1 khi va chi khi phuong trinh y'=0¢6 2
nghiém x, x, thoa man |x, —x,|=1.

3 [Ar=m?-1>0 [m*>1

Dicu nay tuong duong vai S ) ™
|X1_X2|:1 (X1+X2) —4xX, =1

. SNy« £ X1+X2:2m \

Theo dinh ly Vi-ét ta co , thay vao (*) ta dugc
XX, =1

m®>1

om=td3,
am® —4=1

Vay me {i?} 4 gi4 tri can tim.

Bai 9. Cho hams§ y = x° —(m+1)x* —(2m? —3m+2) x+m(2m-1).

Tim tat ca c4c gi tri cia tham s6 m dé ham s6 dong bién trén [2;+o)

Loi gidi:
+ Tap xac dinh D=R.

Taco y'=3x"—2(m+1)x—(2m* —3m+2).

Ham s6 dong bién trén [2;+o0) khi va chi khi y'>0,vx > 2.
< f(x)=3x*-2(m +1)x—(2m2 —3m+2) >0, Vx €[ 2;+0)
Vitamthic f(x)c6 A'=7m*—7m+7>0,vm

m+1—\/E_X _m+1+\/K
3 3

Nén f(x)co hai nghi¢m phan biét: x, =

R X2 X,
Vay f(X)>20<
X< X
Vay ham sb déng bién trén m3i khoang (—oo;x, ), (X,; +o0). Vay ham sé ddng bién
trén doan [2; +oo) khi va chi khi
5-m=>0 {m <5

, & ) c>—2£ms§.
A'S(S—m) 2m°+m-6<0 2

x2§2<:>\/E£5—m<:>{

Vay me [—2;%} 4 gi4 tri can tim.
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Bai 10.Cho ham sb y:%mx3 —(m-1)x*+3(m-2)x+1

Tim tat ca c4c gid tri ciia tham s6 m dé ham s6 dong bién trén (2;+).

Loi

idi:

+ Tap xac dinh D =R.
Taco y'=mx’-2(m-1)x+3(m-2)

Vay

ham  s6  dong  hién  trén  khoang  (2;+0)khi  va  chi  khi

y'=mx’-2(m-1)x+3(m-2)>0,Vxe(2;+x)

6—2x
oSm>2——=f(X),VXe(2;+0) < m= max f(x
x> —2x+3 (), vxe(2+) xe(2;+0) )
) 2(x* —6x+3)
Taco f'(X)=———F =0 xX* —6x+3=0< x=3+/6 > 2.
(x2—2x+3)

Lap bang bién thién ciia ham s6 f () trén (2;+o0)tasuy ra max, f(x)=f(2)= 3

2

20
Vay ngla gia tri can tim.

1.1.

BAI TAP PE NGHI

Chohamsb y== (m+2)x —(m+2)x*—(3m-1)x+m?.

Tim cac gié tri cua tham s6 m dé ham sé ddng bién trén tap xac dinh.

1.2.

1.3.

1.4.

1.5.

1.6.

1.7.

. Z X+m < , S, z 2 s z . X ~
Cho ham s6 y= . Tim céc gié tri caa tham s6 mdé ham so nghich bién trén

X+4m

khoang (1 +o0)

Tim céc gid trj cia tham sé mdé ham s y = x* +(m+1)x* —4x+3nghich bién trén tap
xac dinh.

Cho ham sb y=-x*-3x*+mx+4. Tim tit ca céc gia tri caa tham s6 m dé ham s
nghich bién trén khoang (0;+o0).

Cho ham s6 y = x* —3(2m+1)x* +(12m+5) x+ 2dong bién trén ca hai khoang (—o;-1)
Va (2;+0).

Cho ham sb y=x*+3x*+mx+m. Tim m dé ham s nghich bién trén doan c6 do dai
bang 1.

Cho ham s6 y =4x® +(m+3)x* +mx. Tim m dé

Ham sb ddng bién trén R

14
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b. Ham sb dong bién trén [0; +0)

c. Hamsb nghich bién trén doan [—% %}

d. Ham s ddng bién trén doan co do dai bang 1.
1.8. Timmadéhamsé y :%mx3 —(m-1)x*+3(m-2) x+%déng bién trén khoang [2,+w)
1.9. Timdéhamsd y=x*+3x*+(m+1)x+4m nghich bién trén khoang (-1,1).

1.10. Timmdéhamsb y= mT_1x3 +mx? +(3m—2)x dong bién trén R

1.11. Tim m dé ham s y:%mx3+2(m—1)x2+(m—1)x+m dong bién trén khoang

(—oo,O)U[2,+oo)
1.12. Cho hamsb y =—x*+2mx*> —m?. Tim m dé
a. Ham sb nghich bién trén (1, +o)
b. Ham sé nghich bién trén khoang (~1,0)U(2,3)

1.13. Chohamsé y = X1 Tim mdé

X—m
a. Ham sb nghich bién trén mdi khoang xac dinh cua no.
b. Ham sb ddng bién trén khoang (0, +o)

KHAO SAT SU TON TAI NGHIEM CUA PT, HPT

Phwong phdp:

Xét ham sé f (x) lién tuc trén mién D

- Néu f(x)don diéu ting hodc don diéu giam trén D khi d6 phwong trinh f (x) = 0néu c6
nghiém thi d6 1a nghiém duy nhat.

- Néu ton tai a,be D thoa man f(a)f(b) <Okhi d6 phuwong trinh f(x)=0c6 nghiém

€(a,b).

BAI TAP MAU

Bai 1. Chting minh rang phuong trinh x° —x? —2x—-1=0c6 dung 1 nghiém thyc.
Loi gidi:

15
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Phuong trinh tuong dwong véi @ X° =(X+1)2 >0=>x>0. Véi x20:>(x+1)2 >1. Khi d6 dé
phuong trinh c6 nghiém thi x> >1=> x>1.

Vay ta xét nghiém cua phwong trinh trén khoang [1, +o0).

Taxét hamso f(x) = x> —x* —2x—1lién tyc trén R.

Taco f(x)=5x"—2x—2=(2x*-2x)+(3x" -2) > 0, Vx &[1, +0)

Do d6 ham s& f(x) don diéu tang trén [1,+20) . Do d6 néu ¢ nghiém thi phuong trinh da cho s&
c6 nghiém duy nht.

Mat khéc ta lai co
f(1)=-3;f(2)=23= f(1)f(2) <0. Vay phuong trinh d4 cho c6 nghiém thuc duy nhit.o

Bai 2. Ching minh réang phuong trinh x.2* =1c6 nghiém thuc duy nhat trong khoang (0,1).

Lo1i gidi :

Xéthamsé f(x)=x.2"—1 trén khoang (0,1)

Taco f'(x)=2"+x2"In2=2"(1+xIn2)>0,¥x(0,1). Nén ham s6 f (x)don diéu ting trong
khoang (0,1).

Mt khac ta lai c6 f (0) = —L f () =L=> £ (0).f (1) =—1< 0. Tir d6 suy ra phuong trinh d& cho co
nghiém duy nhét trén khoang (0,1).

Bai 3. Chting minh rang phwong trinh ( ¢ ¥ = x ¢6 nghiém thyc duy nhit trén doan El}
X+1

Lot qidi :

Phuong trinh tuong duong véi : €* = X(X+1)2

Véi x e E ,1} ta lay logarit tu nhién hai vé ciia phuong trinh trén ta dwoc
x—Inx-2In(x+1)=0(*).

Taxéthamsd f(x)=x—Inx—2In (x+1) lién tyc trén doan El}

2_ —
Ta cé f'(x):l—l— 2__X -2 1<0,VX6F,1] Nén f(x)don di¢u giam trén doan
X x+1  x(x+1) 2

El} Mat khéc ta co6 f(l):1—2ln2<0;f(%):%+ln2—2Ing>O

Tir d6 suy ra phuong trinh (*) ¢6 nghiém duy nhit trén El} .
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X+1

Bai 4. Chang minh rang phuong trinh X** = (x+1)" ¢6 nghié¢m thuc duong duy nhét.

Loi gidi :

biéu kién: x> 0.
Lay logarit tu nhién hai vé cua phuong trinh ta dugc : (x+1)Inx—xIn(x+1)=0.
Xéthamsé f(x) =(x+1)Inx—xIn(x+1) trén khoang (0, +o).

Tacod f'(x)=|nx+x—+1—ln(x+1)— X :|n( X j+ 2x+1
X X

X+1 X+1 (x+1)
Xét ham s g(x) = In(xil}r xz(i:i) X €(0;+0).

Taco g'(x) :;—;L <0, nén ham s g(x) don diéu giam trén khoang (0,+0).

Mt khéc ta c6 lim g(x)= lim In( X j+ 2X+L 10 Vay g(0)>0,vxe(0,40). Tir o
X—>+00 X—>+00 X+1 X ( X + 1)

suyra f'(x)>0,Vxe(0,+0). Vay f(x)la ham don di¢u tang trén khoang (0, +x).

X—>+00

Mit khéc tacd f (L) =—In2<0, lim f(x) = lim |nKL1j .x}:m
X—>+00 X+

Tir d6 suy ra phuong trinh f (x) = 0cd nghiém duy nhét x, e (1,+00). Ta co dpcm.

BAI TAP PE NGHI

1.1.  Chung minh rang phuong trinh x°> —10x* +9x—1=0c¢6 5 nghiém thuc phan biét.
1.2 Ching minh rang phuong trinh 4*(4x* +1) =1c¢ diing ba nghiém thuc phan biét.
1.3.  Chung minh rang véi mdi nguyén duong n thi phwong trinh

X+ X%+ X 4.+ X*" +2012x*™ = 2004 c6 nghiém thuc duy nhét.

1.4,  Chang minh rang phuong trinh :

(\/x+1)2011 —2(x+1)vx+1-x*—3x*—3x—2=0 c6 nghiém thuc duy nhét.

1.5.  Chung minh riang phuong trinh :

E+ L + 21 +.ot nl =0,n e N"[udn c6 nghiém thuc duy nhat thudc khoang (0,1).

X x-1 x°-2 X'—n

1.6. Chang minh rang phuong trinh: Igx=sinxcé dung mot nghiém thuc trén doan

55
22|

1.7.  Chung minh rang véi mdi n nguyén duong, n > 2 thi phuong trinh

17
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tan (x+%)+ tan (x+§j+ ..+tan (x+%j = 0c6 nghiém thuc duy nhit trong khoang (0,4).

1.8.  Cho n=2k,k e N. Chiing minh riang phwong trinh :

(n+1)x" =3(n+2)x"" +2012"* = 0.

1.9.  Ching minh rang véi moi m thi phuong trinh sau ludn c6 nghiém duy nhat
X°+3(m+1)x* +3(m? +1) x+m*+1=0.

1.10. Chung minh rang phuong trinh x° —3x* +1=0c6 ba nghiém phan biét

x| < %,

(2-%)(2+%,)(2+ %) > 27

1.11. Chung minh ring v6i A, B,C 1a ba goc cuia mot tam giac thi phuong trinh sau ludn co 4
nghi¢m phan biét
3

< X, < X,thoa man
2 3

X ZX‘

. A . B .C

=SIN—+SIN—+SIN—

2 2 2
1.12. Chirng minh rang vdi moi m thi h¢ sau luén c6 nghiém

f (2008) £(2008) (v _
{ 0+ ) , trong do f(x):(x2—3x+2)\/x2—2x+3

x’—4=m(y-1)

BAI TOAN VE SU TUONG GIAO

Phuong trinh hoanh d¢ giao diém cua hai duong congy = f (x) va y = g(x)

F(x)-g(x)=0(*)

Khi d6 sb giao diém cua hai duong cong chinh 1a s6 nghiém cua phuong trinh (*).
Trong ki thi Tuyen sinh Pai hoc va Cao ding chi xét bai toan giao diém cua duong thang voi dd
thi ciia ham sé bac ba, ham trung phuong va do thi caa ham phan thic bac nhét trén bac nhét.

Kién thie can van dung:
Hai dwong cong tiep xuc nhau:

Hai duong cong (C):y = f(x)va (C'):y = g(x) tiép xtic nhau khi va chi khi h¢ phuong trinh:
{ f (Xo) = g(xo)

cd nghiém x, .
() = 9'(%) &

Twong giao voi ham da thuc bac ba:

(i). Xét phwong trinh: y = ax® +bx* +cx+d =0 (*),a=0.
Khi @6 phwong trinh (*) ¢ ba nghiém phan biét khi va chi khi d6 thi ham sb

18



| cHINHPHUC

TOANTU A-Z

y = ax® +bx® +cx+d = 0c6 hai diém cuc tri thoa man y., Y, <O.

i.1- Néu phan tich phuong trinh (*) thanh

X=X

g(x) =x"+ px+q (1)

Khi d6 phuong trinh (*) c6 ba nghiém phan biét khi va chi khi phuong trinh (1) ¢6 hai nghiém
phan biét khac x, .

a(x—&xxz+px+q)=0c>{

a=0
SIA=p*-49>0
g(x)#0

i.2- Dinh Iy Vi-ét

x1+x2+x3:—g @

c
XXy + X Xg + XX =—  (2)
a

d
KK = ©

Mot s bién doi thuong dung:
2 2 2 _ 2 )
X%+ X = (X X+ %) —2( XX, + XXy + XX, )
3
X4 X4 X = (X X+ X ) = 3% (6 + X, ) (X + X, + %)
i.3- Phuong trinh (*) c6 ba nghiém lap thanh cip cb cong khi x, + X, = 2x, thay vao (1) suy ra
X, = —33, luc nay thay nguoc vao phuong trinh (*) ban dau s& tim ra gia tri ciia tham sé can tim.
a

Tuy nhién ddy chua phai la diéu kién cin va du do d6 véi mdi gié tri cia tham s6 tim dugc can
giai lai phuong trinh xem phuong trinh ¢6 ba nghi¢m [ap thanh cap s6 cong hay khong. Luc d6
ma&i chap nhan gia tri cua tham s6 d6 hay khong.

i.4- Mot cach tuong tu phuong trinh (*) ¢6 ba nghiém lap thanh cip s6 nhan thi xx, = x,%, lic
nay ta thay vao (3),...

(ii). Xét vei a >0, ta co:

ii.1- Do thi ham s cét truc hoanh tai ba diém phan biét biét c6 hoanh d6 >« , khi va chi khi
phuong trinh y'=0c6 hai nghiém phén biét a < x, < X, va thoa méan
{y(a) <0

y(x).y(x,) <0
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ii.2- Do thi ham s cét truc hoanh tai ba diém phan biét biét c6 hoanh do <« , khi va chi khi
phuong trinh y'=0c6 hai nghiém phén biét x, < X, <o va thoa mén

{y(a) >0
y(x).y(x,) <0

Vi a<0), ta bién d6i phuong trinh hoanh d6 giao diém vé phuong trinh c6 hé s6 a duong va ap
dung véi truong hop a>0.

Twong giao voi ham trung phwong

(i). Xét phwong trinh: ax* +bx* +c,a=0 (*)
Pit t = x> >0, khi d6 phuong trinh tro thanh
g(t)=at’ +bt+c=0 (1)
.1- Phuong trinh (*) c6 bén nghiém phan biét khi va chi khi phuong trinh (1) ¢ 2 nghiém phan
biét déu duong
a=0

A=b?>—-4ac>0

< S:—9>0
a

P=S50
a

Khi d6 phuong trinh (1) ¢6 2 nghiém 0 <t, <t,. Luc nay phuong trinh (*) s& c6 bén nghiém Ia:
X ==, % =—\/t—,X3 =\/E’X4 :\/E
i.2- Vay phuong trinh (*) ¢6 bdn nghiém lap thanh cip sb cong khi va chi khi

xz—xlzxa—xz:x4—x3c>\/E—\/E=2\/E<:>t2=9t1

binh Ii Vi-ét véi phuong trinh (1) ta lai co:

b
t1+t2 :—g

Luu y: Dang toan nay ludn can thiét sir dung dén dinh Ii Vi-ét.

BAI TAP MAU

Bai 1. Cho ham s6 y = x* —2x* +(1-m)x+m (1), m la tham s thuc
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Tim m dé do thi ham sb (1) cat truc hoanh tai ba diém phan biét co hoanh do X, X,, X,thoa mén
diu kign x,2 +x,2 +x;° <4

Loi gidi:

Phuong trinh hoanh d¢ giao diém: x*—2x* +(1-m)x+m=0
& (x=1)(x* —x—m)=0< x=1hogcx* - x—m=0 (¥)
D6 thi ciia ham sb (1) cat truc hoanh tai ba diém phan biét khi va chi khi phuong trinh (*) ¢6 hai
nghi¢ém phan biét, khac 1.
Kihigu g(x) = x*—x—m;x, =1 X,va x,1a cc nghiém cua (*).
Y8u cau bai toan thoa man khi va chi khi
A>0 1+4m>0
g0 <<-m=0 <:>—£<m<1 vam=0

X2 +x’ <3 [(1+2m<3

Vay me (—%,1}\{0} la gia tri can tim.

Bai 2.Cho hamsé y = x* —mx*+m-1 )
Tim m dé dd thi ham sé (1) cit truc hoanh tai bon diém phan biét.
Loi gidi:

Phuong trinh hoanh d6 giao diém: x* —mx*+m-1=0

Pit t = x> >0, khi d6 phuong trinh tro thanh

t* —mt+m-1=0 (*).

Yéu cau bai toan thoa mén khi va chi khi phwong trinh (*) ¢6 2 nghiém phan biét déu duong
A>0 (m — 2)2 >0

<35>0<{m>0 Sl<m#2
P>0 m-1>0

Bai 3. Chohamsé y=x*+3x>+mx+1 (1) (mlatham sb)
Tim m dé duong thang d @y =1cat do thi ham s6 (1) tai ba diém phan biét A(0;1), B,C sao cho
cac tiép tuyén cua do thi ham s (1) tai B va C vudng géc véi nhau.

Lol gidi:
Phuong trinh hoanh d6 giao diém: x* +3x* + mx+1=1
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& X(X? +3x+m) =0 <> x =0hoac x* +3x+m = 0(*)

Kihigu g(x)=x*+3x+m
Puong thing d cit db thi ham sé (1) tai ba diém phan biét khi va chi khi phuong trinh (*) ¢6 hai
nghiém phan biét, khac 0.
A=9-4m>0
=
g(0)=m=0
Khi d6 hoanh d6 cua B, C 1a nghiém cia phuong trinh (*)
Hé s6 g6c cua tiép tuyén tai B,C lan luot la
k, =35 +6Xg +m; k, =3x.° +6X;. +m
Tiép tuyén tai B,C vudng goc vai nhau khi va chi khi
ki, = =1 (3%,” +6X, +m)(3x,” +6%, +m)=—1
& (3(x5° +3% +m) —2m—3x, ) (3(x” +3x; +m)-2m—3x; ) = -1

< (2m+3x%,)(2m+3x. ) = -1 < 4m® +6m(Xg + X ) +9Xz X, = —1(2)

9
Sm<—,m=0.
4

. PNy 2 , XB+X(::_3 Ca, , \
Theo dinh li Vi-ét ta co , khi do6 (2) tro thanh
XgXe =M
+ ,
<:>4m2—9m+1=0<:>m=9_8 65
Bai 4.Cho ham s6 y = x® —3m°x+2m )

Tim m dé db thi ham s6 (1) cit tryc hoanh tai dang 2 diém phan biét.

Lo gidi:

Do thi ham sb (1) cét truc hoanh tai 2 diém phan biét thi db thi ham sé (1) phai c6 hai diém cuc
tri<> y'=3x>—3m’ =06 hai nghiém phan biét khi va chi khi m =0 (*)

Khidé y'=0< x=1m

Dé 6 thi ham so (1) cat truc hoanh tai dung hai diém khi va chi khi hoac y., =0hoic y., =0
+y(m=2m-2m*=0=m=0vm==+1

+y(-m)=2m+2m*=0<=m=0

Chi c6 m = +1thoa man diéu kién (*). VAy gia tri cin tim caa m 1a m=—-1hoic m=1

Bai 5. Cho hamsé y =x*-2(m+1)x’+2m+1 (1)
Tim m dé @6 thi ham sé (1) cét truc hoanh tai 4 diém phan biét c6 hoanh do lap thanh cap sb
cong.

Loi gidi:
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Phuong trinh hoanh d¢ giao diém: x* —2(m+1)x*+2m+1=0
Dit t =x* >0, khi d6 phuong trinh tré thanh t* —2(m+1)t+2m+1=0 (*)
D¢ db thi ham s6 (1) cét truc hoanh tai 4 diém phan biét khi va chi khi phuong trinh (*) 6 2
nghiém déu duong

A'>0 m® >0
<1850 © 2(m+1)>0©—%<m¢0 (2).

P>0 2m+1>0
Khi d6 (*) c6 hai nghiém 1a 0 <t, <t,. Suy ra hoanh d6 bdn giao diém lan luot 12
X, ==\t %, = —Jt;; % =ft;;x, =4/t, . Bén diém nay Iap thanh cdp sb cong khi va chi khi
X, =X = X3 =X, = X, — X @ﬁ—ﬁzz\/ﬂ@tz:%

m=4
o m+1+|m=9(m+1-|m) < 5|m| =4(m+1) < . _ 4 thoamén (2)
9

T SR . 4
Vay gié tri can tim cua mla me{—§;4}

Bai 6.Cho ham s6 y = x* —6x* +9x—6(C).
Tim m dé duong thang (d):y = mx—2m—4cét d6 thi (C)tai ba diém phan biét.

Lo gidi:

Phuong trinh hoanh d6 giao diém: x* —6x* +9x—6=mx—2m-4

& X°=6X +(9—m)x+2m—2=0 < (x—2)(X* —4x+1-m) =0

< x=2hoiacx’ —4x+1-m=0 (*¥)

Ki higu g(x)=x*—4x+1-m. Yéu cu bai toan thoa man khi va chi khi phuong trinh (*) ¢6 hai

nghiém phan biét, khac 2
{A'>0 {m +3>0

= = & m>-3
g(2)=0 -3-m=0

Bai 7. Cho ham s6 y = 2x* —3(m+1)x* + 6mx—2(C,)).
Tim m dé do thi (C,, ) cat truc hoanh tai mot diém duy nhat.

Loi gidi:
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Phuong trinh hoanh d¢ giao diém: 2x° —3(m+1)x* +6mx—2=0
2 =3x* =2=3m(x* - 2x) (*)
Nhan thdy x=0,x=2khdng la nghiém cua phuong trinh (*), khi d6 phwong trinh (*) twong

3 2
. - -2
duong voi: 3m= % Q)
X®—2X
Xét ham sé g(x) = w , ta co bang bién thién:
X2 —2X
0 - 1-[2]3 0 1 z 1+[Z]3 4o
y' 2 + 0 - - o - - o o+ oz
I-3¥[2]a +omo 3 +mo +m
- - - I+IHE]E

Tir bang bién thién suy ra dé phuong trinh (1) c6 nghiém duy nhat khi va chi khi
3-3Y3<3m<3+3/3 = 1-/3<m<1+3.
Vay me [l— J3.1+ \/5] 1a nhitng gia trj can tim.
Céch 2: Pé db thi ham s cat truc hoanh tai duy nhat mot diém thi xay ra mot trong hai kha
nang ) )

1. Ham s6 luon dong bién hodc luén nghich bién.

2. Ham s6 c6 cyc dai, cuc tiéu nhung Y. Ye; > 0.

Ban doc tu 1am theo hudng nay va so sanh véi Kkét qua trén.

Bai 8. Cho hamso y = x*+mx+2(C,,).
Tim m dé do thi (C,, ) cat truc hoanh tai mot diém duy nhat.

Loi gidi:
Phuong trinh hoanh d6 giao diém: x*+mx+2=0
& m=—x 2 (x#0), do x =0khdng la nghiém cua phuong trinh

X
2-2x°

XZ

=0 x=1.

Xét ham sd f (x) = —x? ~2 Tace f '(x) =
X
Ta c6 bang bién thién:
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w -0 ] 1 oo
! +co + + 0 - -0
+oo -3
y /_/_,_,./? /_,./-?' x
-0 -0 -0

Tt bang bién thién cua ham s6 f(x) ta suy ra dé phuwong trinh ¢c6 mot nghiém duy nhat khi va
chi khi m> -3

Bai 9. Cho hamsé y = x*—3x*+4(C).

Goi d la duong thing di qua diém A(-10)vsi hé s6 goc 1a k. Tim k dé duong thang d cét do
thi (C)cta ham s tai ba diém phan biét A B,C va 2 giao diém B,C cling véi goc toa do tao
thanh tam giac c6 dién tich bang 1.

. .

Lo gidi:
+ Phuong trinh duong thang d @y =k(x+1).

+ Phuong trinh hoanh do giao diem: x° —3x* +4 =k (x+1)

& (x+1)(X* —4x+4-k) =0 X = —lhoic(x—2)" =k (*)

+ Puong thang d cat (C)tai ba diém phan biét khi va chi khi 0<k = 9(**)
Khi d¢ céc giao diém cua d va (C)la

A(-1,0), B(2-k;3k—kvk),C(2++k;3k + kv/k

k
Tacé BC =2Vk+1+k?,d(0;BC)=d(0:d) =
N e

+ Dién tich tam giac OBC la S :%BC.d (O;BC)= kvk =1 k =1( théa man didu kien **).

Vay k =11a gia trj can tim.

Bai 10. Cho ham s6 y = x* + 2mx” +(m+3) x+4(C,,)
Tim gia tri cia m dé duong thing d @y =x+4cét do thi (C,,)cua ham s tai ba diém phan biét
A(0;4),B,C sao cho tam gic KBC c6 dién tich bang8+/2 , biét K (1;3)
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Phuong trinh hoanh d¢ giao diém: x* +2mx* +(m+3) x+ 4 = x+4

X +2mx% +(M+2) X =0 <> X(X* +2mx+m+2) =0
& x=0hodc x> + 2mx+m+2 = 0(*)
Ki hi¢u g(x) =x*+2mx+m+2. Khi d6 duong thang d cat do thi (C,, ) tai ba diém phan biét khi
va chi khi phuong trinh (*) ¢ hai nghiém phéan biét, khac 0.
A'=m*-m-2>0 [m22vm<-1
= < @
g(0)=m+2=0 m = —2
B,Ced= Yy, =X, +4 Y. =% +4vataco d(K;BC)=d(K;d)=+2.
VR =%BC.d(K;BC)=8\/§c> BC =16 < BC? = 256
& (% =% ) +(Ye — Ve ) =256 & 2(Xg — % )" =256 < (Xg + % )" —4%; % =128(2) Theo dinh
[i Vi-ét ta co: Xz + X. =—2M; XgX. =mM+2.

1++/137
2

= (2) ©4m’-4(m+2)=128m’ -m-34=0<m=

1+ 137
2

thoa mén (1).

Vay m= 4 gi4 tri can tim.

Bai 11. Cho ham s y = x* —3mx* +3(m” —1) x—(m’ 1) (1)
Tim cac gia tri cia mdé dd thi ham sé (1) cat tryc hoanh tai ba diém phan biét co6 hoanh do
duong.

Lol gidi:

Taco y'=3x —6mx+3(m2 —1)

X=m-1=
y'=0= X -2mx+m’-1=0 < Xeo
X=m+1=X
Do thi ham sb (1) cat truc hoanh tai 3 diém phan biét c6 hoanh d6 duong khi va chi khi
m-1>0
Yep Yer<o m+1>0
Xep >0, % >0 (mz —1)(m2 —3)(m2 —2m—1)< 0 oB3<m<1+42.
a.y(0)<0
—(m2 —1)<0
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Bai 12. Cho ham s6 y = x* —3x° +4(C)

Goi d la duong thang di qua diém A(2;0)c6 heé s6 goc k. Tim k dé duong thang d cét do thi
(C)cua ham s6 tai 3 diém phan biét A, B,C sao cho tiép tuyén cua (C)tai B,C vudng goc véi
nhau.

Lo gidi:
+ Phuong trinh duong thang d @y =k(x-2)
+ Phuong trinh hoanh ¢ giao diem: x° —3x* +4=k(x—-2)
& (x=2)(X* =x—k=2)=0<> x=2hogc x* - x—k =2 =0(*)
Ki hiéu g(x)=x’—x—k—2. d cit(C)tai 3 diém phan biét khi va chi khi phuong trinh (*) ¢6 2
nghiém phan biét khac 2.
{A:9+4k>0<:>_g<k¢0 0
g =-k=0 4
Céc tiép tuyén tai B,C vudng goc véi nhau khi va chi khi y'(xg).y'(x. )=-1
& (3xg” =6 ) (3%.% —6x; ) =—1(2)
Theo dinh li Vi-ét ta c
Xg + X =1
{XBXC =-k-2

Két hop vai (1) va (2) ta suy ra:

3+24/2

(2) 9k +18k +1=0 <=k =_T(th6a man (1)).

3+ 242

Vay k =_T 4 gi4 tri can tim.

Bai 13. Cho ham s6 y = x> —3x(C)

Chirng minh rang khi m thay doi dwong thang d:y=m(x+1)+2ludn cit do thi (C)tai mot
diém ¢6 dinh M va x4c dinh cac gia tri mdé d cit (C)tai ba diém phan bié¢t M, N, P sao cho
tiép tuyén cua (C)tai N, Pvudng goc véi nhau.

Loi gidi:
+ Phuong trinh hoanh d¢ giao diem: x* —3x=m(x+1)+2
<:>(x+1)(x2 —x—2—m):0<:> X =-1hoac x’ —x—2—-m=0(*)
Do d6 d ludn cét (C)tai diém M (-1,2).
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+ d cdt(C)tai 3 diém phan biét khi va chi khi phuong trinh (*) c6 2 nghiém phan biét, khac -1.
{A:9+4m>0<:>_g<m¢0 0
-m=0 4
Tiép tuyén tai N, Pvudng goc véi nhau khi va chi khi y'(x,).y'(x,)=-1
& (3%,%=3)(3%°-3)=-1 (2
Theo dinh li Vi-ét ta c

Xg + X =1
XgXe =—M—2
-3+
= (2) < 9k* +18k +1=0©k=3_TZ\E(th6a (2)).
-3+ 5
Vay kzs_TZ\/EIa gié tri can tim.

Bai 14. Cho ham sb y:%x?’—mxz—x+m+§(cm)

Tim mdé d thi ham s6 (C,)cat truc hoanh tai ba diém phan biét c6 tong binh phuong cac
hoanh d6 I6n hon 15.

Bai 15. Cho ham s6 y = x* —(3m+2)x* +3m+1(C,,)
Tim m dé duong thang d @y =—1cét dd thi (C,, )tai bén diém phan biét c6 hoanh do nho hon 2.

Loi gidi:
+ Phuong trinh hoanh d¢ giao diém: x* —(3m+2)x* +3m+1=0

<:>(x2 —1)(x2 —3m—1) =0 < x* =1hodc x* = 3m+1(*)

Yéu cau bai toan thoa man khi va chi khi phuong trinh (*) ¢ hai nghiém phan biét khéc +1 va
nho hon 2

0<3m+1<4 —£<m<1
&4 3
3m+1=-1

m=0

Vay gia tri can tim caa m 13 (—%;1}\{0}

Bai 16. Cho ham s6 y = x* —2m*x* + m* +2m(C,))
Chirng minh rang d thi ham s6 (C,,)Iudn cét truc hoanh tai it nhat 2 diém phan biét véi moi
m<0
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+ Phuong trinh hoanh d6 giao diém: x* —2m*x* + m* + 2m = 0(*)

Pit t = x* >0, khi d6 phuong trinh (*) trg thanht® — 2m’t +m* + 2m = 0(1)
S=2m’>0

Tir d6 suy ra phuong trinh (*) ¢6 it nhat 2 nghiém phan biét.Do 1a dpem.

. |[A'=-2m>0 . A e X .
Taco Vvm < 0 = phuong trinh (1) ludn cé it nhat mot nghiém duong

Bai 17. Tim m sao cho do thi ham s6 y = x* —4x* +m(C) cat truc hoanh tai 4 diém phan biét sao
cho hinh phang gi¢i han bsi (C)va truc hoanh c6 phan trén bang phan dudi truc hoanh.

Lol gidi:
Phuong trinh hoanh d¢ giao diém: x* —4x*+m=0
Dit t = x* > 0= phuong trinh tro thanh t* — 4t + m=0(1)
Vay (C)cit Oxtai 4 diém phan biét khi va chi khi phuong trinh (1) ¢6 2 nghiém phan biét
duong 0<t <t,
A'=4-m>0
<4S=4>0 < 0<m<4 (i)
P=m>0
Khi d6 hoanh d6 4 giao diém cua (C)va Ox la

K= <%=t <X =k <%, =g

Yéu cau bai toan twong duong véi

i(x4—4x2+m)dx:—2T( G +m)dx<:>2f x* —4x? +m)dx_—2j x* —4x? +m)d

:%X45—§x43+mx4 =0:>%x44—§x42+m=0(2)
Talaico x,* —4x,>+m=0(3). Tir (2) va (3) suy ra %mz —5m=0< m=0 (loai)
Hodc m =%(th6a ().

20, oo
Vay m:EIa gia tri can tim.

Bai 18. Cho ham s6 y = x* —2(m+1)x*+2m+1(C, ). Tim tat ca c4c gia tri thuc ciia tham s m
dé (C,, ) cét truc hoanh tai bon diém phan biét A, B,C, D c6 hoanh d¢ lan luot 1a X, <X, <X, <X,
sao cho tam giac ACK c dién tich bang 4. Biét rang K (3,-2).
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Lot qidi :
Phuong trinh hoanh d¢ giao diém : x* —2(m+1)x*+2m+1=0, dat t = x*(t > 0) khi d6 phuong
trinh tr¢ thanh :
t? —2(m+1)t+2m+1=0(*). B¢ do thi (C, )cét truc hoanh tai bn diém phan biét thi phuong
trinh (*) c6 hai nghiém duong phan biét t, >t >0.

A'=m’>0
=t :2(m+1)>0<:>—%<m¢0 (i)

P=2m+1>0

Khi d6 hoanh d bén giao diém lan lugt 12 —t,,—/t,,\t, L, -

Taco S, :%d(K,AC).AC=%|—2|(\/E+\/E):4<:> t+Jt =4t +t,+2tt, =16
Theo dinh Iy Viéttaco : t, +t, =2(m+1);tt, =v2m+1, tr do suyra :
7-m>0 .
2(m+1)+2\/2m+1:16<:>\/2m+1:7—m@{2 - (7 )2 < m=4théa man diéu kién
m+1=(7-m

(i).

Vay m = 4 la gi4 tri can tim.

Bai 19. Biét rang duong thing d di qua diém M (2;0) va c6 hé sb goc k cat do thi ham sd

y =X’ ~3|X| - 2tai bdn diém phan biét. Tim gia trj cua k.

e

Loi gidi:

Puong thing d:y= k(x—2), ta ding truc quan d6 thi dé bién luan sb giao diém cia dudng
thing d va dd thi ham sb y =[x’ -3|x|-2 (C,).

Xéthamsd y = f(x) =x*—3x—2 (C) ¢6 dd thi nhu sau:
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f(x)=x*-3x-2,x>0
f(-x)=-x*+3x-2,x<0
Do d¢ do thi (C, ) gdm hai phan

Phién 1: Giit nguyén phan dd thi (C)bén phai tryc tung.

Taco y:|x|3—3|x|—2={

Phan 2: Liy ddi xtg phan 1 qua truc tung.
B

5

4
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Dé dudng thing d cit (C,)tai bén diém phan biét thi d phai nim trong mién giéi han béi hai

duong thang trén.
- Duong thing thtr nhét di qua diém M (2;0)va A(0;-2)cé hé s6 goc la k, =1

- Dudng thing tht hai 1a tiép tuyén véi (C,)img véi x <0, ta xac dinh k,
—X*+3x-2=Kk,(x-2
2 ( ) X =1_\/g

Taco {-3x* +3=Kk, @{
x<0 k, =673 -9

Vay dé d cit (C,)tai bon diém phan biét, khi va chi khi
k <k <k, 1<k <6y3-9.
Vay k e (1; 63 —9) & gid tri can tim.

BAI TAP PE NGHI

1.1.  Tim cac gia tri thuc cia tham s6 m dé do thi (C,, ) cua ham sé tiép xdc véi truc hoanh.

1. y=x=3x*+3mx+3m+4 (C,).

2. y=x*=(m+1)x* —(2m? —3m+2) x+2m(2m-1) (C,)

3. y=mx’+(m+1)x*—(4m-3)x+6m (C,)

1.2, Tim tt ca céc gid tri clia tham s6 m d¢ duong thing d :y =m(x —3)tiép xtc véi duong
cong y =—%x3 +3X.

1.3.  Tim nhitng gié tri ciia tham s6 m dé hai duong cong sau tiép xtc nhau
(C)ry=mx’—(m-1)x*+(m+1)x+1va (C,):y =—mx’+(m-1)x—m

1.4, Tim m dé dd thi ham s& y=x"+3(m+1)x*+3(m’ +1) x+m’+1=0cét truc hoanh tai
duy nhit mot diém.

1.5.  Tim m d¢& dd thi ham s6 y=x*—mx®*+m—1cit tryuc hoanh tai bon diém phan biét co
hoanh d0 16n hon 2.

1.6.  Viét phuong trinh duong thing d cit db thi ham sd y = x*—3x +2tai ba diém phan biét
A,B,C sao cho x, =2va BC=2+/2.

1.7.  Viét phuong trinh duong thing d song song voi truc hoanh va cat dd thi ham sb
y= §X3 — X —3X+% tai hai diém phan biét A, Bsao cho tam giac OAB can tai goc toa

do O.
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1.9.

1.10.

1.11.

1.12.

1.13.

1.14.

1.15.

1.16.

1.17.

1.18.

1.19.

1.20.

1.21.

2\l CHINH PHUC

W TOANTUA-Z

Tim tat ca cac gia tri cia tham s6 m dé dién tich hinh phang giéi han boi d6 thi ham sb
y = x> =3x* +3mx+3m+4va truc hoanh c6 phan nim phia trén tryc hoanh bang phin
nam phia dudi truc hoanh. , o , ‘ ,
Tim tat cd cac gid tri cua tham s6 m dé ti€p tuyén cua do thi ham soO

y=%x3 —(2m+1)x* +(m+2)x+% (C,)tai giao diém A cta (C,) véi truc tung tao

L A R |
v&i hai truc toa do mét tam gidc c6 dién tich bang g .

Tim m dé duong thiang d:y=m cat d6 thi ham sé y=x*—2x*—3tai bon diém phan
biét M,N,P,Qcd hoanh do lan luot X, <X, <X; <X,580 cho MN,NP,PQIla d¢ dai ba
canh tam giac.

Gia str do thi ham s6 y = x* —3(m+1)x* +3m+2cét truc hoanh tai bon diém phan biét,
khi m >0goi Ala giao diém c6 hoanh d¢ 16n nhdt ; tiép tuyén v6i do thi ham so tai A cét
truc tung tai B . Tim m dé tam gidc OAB c¢6 dién tich bang 24.

Tim m dé do thi ham s§ y = x* =3(M+1) x* +2(m? +4m+1) x—4m(m-+1) ct truc hoanh
tai ba di€ém phan biét c6 hoanh d6 16n hon 1.

Ching minh rang db thi ham s6 y = x*—6x?+9x+m cit truc hoanh tai ba diém phan
bigt x, <X, <X; théamin 0< x, <1<X, <3<X, <4.

Tim m dé d6 thi ham s6 y=x*-2(m+2)x*+7(m+1)x—3(m+4)cit truc hoanh tai 3
diém phan biét c6 hoanh do x,,X,, X, héa man x? +x,” + X,” + 3% X, X, > 53.

Ching minh ring khi m thay d6i duong thang d_:y=mx-—m?ludn cat
(Cn):y=x"—(3m=-1)x*+2m(m—1) x+ m’tai mot diém Acé hoanh do khong doi. Tim
m dé d, cat (C,)tai mot diém nira khac A ma tiép tuyén cua (C,, )tai hai diém d6 song
song vai nhau.

Tim m dé duong thang d :y =-x+1cét (C, ):y =4x° —6mx* +1tai 3 diém A(0;1),B,C
biét B,C ddi xing véi nhau qua dudng phan giac thi nhat.

Tim m dé do thi (C,):y=x"—4x” + mcit truc hoanh tai 4 diém phan biét sao cho dién
tich hinh phang gisi han béi (C,,)va truc hoanh ¢ phén trén bang phan dudi.

Cho ham s6 y =—x*+2(m+2)x*-2m-3(C,, ). Tim tat ca cac gia tri cua tham s6 m dé
(C,,) cat truc hoanh tai bon diém cach déu nhau.

Tim m dé do thi ham s y = X* —2(m+1)x* + 2m+1cét truc hoanh tai ba diém phan biét
déu c6 hoanh d¢ nho hon 3.

Ching minh ring v6i m<O0thi dd thi ham s6 y=x*—2m*x*+2m+m*ludn cit truc
hoélnh,tai it nhat hai diém phan biét. 7 7 o ,
Tim tat ca cac gia tri cii tham s6 m dé duong thang d : y =mx—2m—4cat do thi ham so
y = x> —6x° +9x — 6 tai ba diém phan biét.
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1.22. Tim m dé d6 thi ham s6 y=x*—3x* +mx+2—m cit truc hoanh tai ba diém phan biét
A, B,C sao cho tong hé sb goc cac tiép tuyén v6i do thi ham s tai A, B,C bing 3.

1.23. Tim tat ca céc cdp sé (m,n)sao cho trong céc giao diém ctia d6 thi ham sb
y =mx®—nx* —mx+n (C)cé hai diém cch nhau 2011va khoang cach tir tim déi xtmg
cia (C)dén truc hoanh bing 2012.

1.24. Tim tit ca cac gia tri cia tham s6 m dé duong thiang d:y=3—xcit d thi ham s
y=x"=3x*+mx+4-m (C)tai ba diém phan biét A(L 2),B,Csao cho tiép tuyén véi
(C)tai B,C lan lugt cét (C)tai M, N va tir gidkc BMNC Ia hinh thoi.

1.25. Tim tat ca céc cip gia tri (m,n)dé duong thing d:y=mx+ncit d6 thi ham sb
y=—x"+4x’-3tai bon diém phan biet A B,C,Dcdé hoanh do lan luot 1a
X, < X, < X; <X, Sao cho ABzCDz%BC

1.26. Cho ham sb y:%xg‘ +(2-=m)x* +3(2m-3)x+m (C,). Tim nhitng gia tri cia tham s6
m dé duong thang d 1y =—x+m cat (C, )tai ba diém phan biét A(0,m),B,C, ddng thoi

OAla phan giac trong géc BOC .

1.27. Tim nhitng gi4 tri cua tham s6 m dé do thi ham s6 y = x* —3x® +3mx+m cit tryc hoanh
tai ba diém phan bist AB,Ccé hoanh do twong ung théa man
(XA—2)3+(XB —2)3+(xC —2)3 =3.

1.28. Tim m dé dd thj ham s6 y=x*-3mx*+m-1 cit dd thi ham sé tai ba diém phan biét
A B,C saocho AB=BC.

Twong giao véi ham phan thizc bac nhét trén bac nhat :

BAI TAP MAU

Bai 1.Cho hamsb y = _X+1(C)
2x-1

Chirng minh rang véi moi m duong thang y = x + mludn cat d6 thi (C)tai hai diém phan biét A
va B. Goi k;k,lan luot la h¢ sé goc cua cac tiép tuyén vsi (C)tai Ava B. Tim mdeé tong
k, +k, 6n nhat,

Lol gidi:

Hoanh d¢ giao diém ctiad : y = x+mva(C)la nghiém phuong trinh: X+ m =

-X+1
2x-1
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< (x+m)(2x-1)=-x+1(dox :%khéng la nghiém) < 2x* + 2mx —m—1=0(*)

Taco A'=m?+2m+2>0,vm. Suy ra d ludn cit (C)tai hai diém phan biét véi moi m.
Goi X, X, la nghiém cua (*), ta co
1 1 _4(x1+x2)2—8x1x2—4(x1+x2)+2

k1+k2 == 2 2 = 2
(2% -1)" (2x,-1) (4%, —2(% +x,)+1)

Theo dinh i Vi-ét ta cO X, + X, =—m; X X, :_mTle.

Tir d6 suy ra k, +k, =—4m? —8m—6=—4(m+1) ~2<-2. D4u bing xay ra khi va chi khi

m=-1.

Vay gid tri I6n nht cua k, +k, =—2 khi va chi khi m=-1

. < g -1
Bai 2.Cho ham so y :X—(C)
2x-1
Chirng minh rdng véi moi m duong thang y =—x—mIludn cat d thi (C)tai hai diém phan biét
Ava B. Goi k;,k,lan luot I h¢ s6 goc cua cac tiép tuyén voi (C)tai Ava B. Tim mdé téng

k, +k,nho nhat.

. .2 X X . s -1
Hoanh d9 giao diém cuad : y = —x—mva(C)la nghi¢ém phuong trinh: -x—m = 2X 1
X_

< (x+m)(2x-1)=-x+1(dox :%khéng la nghiém) < 2x* + 2mx —m—1=0(*)
Taco A'=m?*+2m+2>0,vm. Suy ra d ludn cit (C)tai hai diém phan biét véi moi m
Goi X, X, la nghiém cua (*), ta co

1 1 A%+ %, ) —8XX, —4(X +X,)+2
2” (2%, -1)" (2%, -1)° B (4%, —2(x1+x2)+1)2

Theo dinh li Vi-ét ta cO X, + X, =—m; X, X, = 5

Tir d6 suy ra k; +k, =4m? +8m+6 = 4(m+1)" +2>2. DAu bing xay ra khi va chi khi m=—1.

k,+k

Vay gié tri nho nhat caa k, +k, = 2khi va chi khi m=-1

2x+1

Bai 3. Cho ham sb y =
X+2

(€)
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Chirng minh rang duong thang d :y =—x+m ludn cat do thi ham s6 (C)tai 2 diém phan biet A
va B. Tim mdé doan AB c6 d¢ dai nhé nhat,

Loi gidi:
Ny s — - 2x+1
Hoanh d9 giao diém cua d va (C)la nghiém phwong trinh: —x+m = +2
X+

S (=x+m)(x+2)=2x+1

(dox =-2khdng la nghiém) < x* +(4—-m)x+1-2m=0 (*)

Tacd A=(4-m) —4(1-2m)=m*+12>0,vm. Suy ra d luon cit (C)tai hai diém phan biét
AB

Do ABed =y, =—X,+mM;y; =—X; +m. Tir do suy ra

AB? =(xA—xB)2 +(yA—yB)2 =2(XA—XB)2 :2(xA+xB)2 —8X, X,

Theo dinh li Vi-ét ta co: X, + X =m—4;X,X; =1-2m. Tur do suy ra

AB? =2(m’ +12)> 2 => AB >+/2. Déu bang xay ra khi va chi khi m=0

Vay gia tri nho nhét cia AB =+/2 khi va chi khi m=0

Bai 4.Cho hamsé y = X=3 (C)
x+1
Duong thang d ¢6 hé s goc k di qua diém | (-11)va cat (C)tai hai diém phan biét M va N

sao cho | 1a trung diém cua MN.Tim k .

Loi gidi:
+ Phuong trinh duong thang d @y =k(x+1)+1.

+ Hoanh d¢ giao diém cta d va (C)la nghiém phuong trinh: ))((—_i =k(x+1)+1
+

< kx® + 2kx +k +4 = 0(*) (do x = —1 khdng 1a nghiém).
Yéu cau bai toan théa man khi va chi khi phuong trinh (*) ¢ hai nghiém phan biét x,, x, thoa
man

k=0
A'=-4k >0 < k<0
X, +X, =—2=2X,

Vay gia trj can tim cua k la (—;0)

2X+4
1-x

Bai 5.Cho hamsé y =

(€).
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Goi d la duong thang di qua 1(L1)co hé s6 goc k. Tim k dé d cit (C)tai hai diém phan biét
M va N sao cho do dai MN bing 310

Lo gidi:
+ Phuong trinh duong thang d @y =k(x-1)+1
+ Hoanh d¢ giao diém cta d va (C)la nghiém phuong trinh: 21X+4 =k(x-1)+1

Do x =1khong la nghi¢ém nén phuong trinh twong duong voi
kx* —(2k —3) x+k +3=0(*)

d cdt(C)tai hai diém phan biét M, N khi va chi khi phuong trinh (*) ¢4 hai nghiém phan biét

A=9-24k >0
Do M,Ned=y, =k(x, -1)+1y, =k(x, -1)+1.Suyra
MN? =(x,, — X, )2+(yM —yN)2 =(1+k2)(XM —xN)2 :(1+k2)[(xM +xN)2—4xM XN}:90

Theo dinh i Vi-ét ta co: x,, + X, =$;XMXN =$. Tu do suyra

8k3+27k2+8k—3=0<:>(k+3)(8k2+3k—1)=0<:> k =—3hoick =_3?—g/ﬂ(th6a man (1)).

2 ~3+4/41
16

Vay gia tri can tim cia k la {— ;

k=0
<:>{ <:>0¢k<§(1)

2x-1
C
1 (©)

Tim mdé duong thang d:y=x+mcét (C)tai hai diém phan biét Ava Bsao cho Ava Bciing
Vi gbc toa do tao thanh tam giac vudng tai O .

Bai 6. Cho ham sb y =

Lol gidi:
+ Hoanh do giao diém ciia d va (C)la nghiém phuong trinh: X+ m = 2x—11
X+

< (x+m)(x+1)=2x-1( dox=-1khong la nghiém) < x* +(m-3)x+1-m=0(*). Ta c6
A=m?-2m+5>0,Vm. Tirdé suy ra d ludn cit (C)tai hai diém phan bi¢t A B.

Do hai diém A Bed =y, =X, +M;y, = X; + M.

Suy ra toa dd cua A(X,;X,+m),B(Xg;X; +m)
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Va OA =(x,; X, +m),0B = (Xy; X, +m) Tam gidc OAB vudng tai O khi va chi khi
OAOB =0 < X,Xg +(X, + M) (X5 +M) =0 2X, %5 +M(X, + X5 ) +mM* =0(2)
Theo dinh li Vi-ét ta co: X, + Xz =3—m;X,X; =1-m. Khi d6 (1) tr¢ thanh
m’+m(3-m)+2(1-m)=0 < m=-2.

Vay m=-2la gia tri can tim.

Bai 7. Cho ham sé y :%(c).

Chirng minh rang véi moi gia tri cia mthi trén (C)Iludn c6 cac cap diém Ava Bnam vé hai

X, —Y,+m=0
nhanh cta (C)va thoa man { A7 Ya
Xg—Yg+m=0

Lot gidi:
+Tacod XA_yA+m:0c> yA:XAer:>A,Bed:y:x+m
Xg—Yg +M=0 Yg = Xg +M

Khi d6 yéu cau bai toan tré thanh ching minh d Iudn cét (C)tai hai diém thuoc vé hai nhanh cua
(C).
X+2

+ Hoanh d¢ giao diém cta d va (C)la nghiém phuong trinh: x+m =
X_

< (x+m)(x—2)=x+2(dox=2khong la nghiém) < x*+(m-3)x—(2m+2)=0(*). Ta c6
A=m?+2m+17>0,vm. Tird6 suy ra d ludn cat (C)tai hai diém phan biét véi moi m.

Mat khac, ki hieu g(x) =x*+(m-3)x—(2m+2)=1.g(2)=-4<0= 2nam giira hai nghi¢m
cua (*). Ta co dpcm.

X+2
2X—2

Bai 8. Cho ham s6 y = (C). Tim tat ca cac gia tri thyc ctia tham sb m dé dudng thiang

(d):y=x+m cdtdd thi (C)tai hai diém phan biét A, Bsao cho OA’ + OB’ =%.

Loi gidi :

.2 . . . 2
Hoanh d giao diém cua (d),(C)la nghiém cia phurong trinh :% =X+m

Do x =1, khdng Ia nghi¢m cua phuong trinh nén phuong trinh twong duong voi
X+2=(2x=2)(x+m) < 2x* +(2m—-3)x—2(m+1) = 0(*) .

Do A=4m’+4m+25=(2m +1)2 +24>0,YmeR . Nén phuong trinh (*) ludn c6 hai nghiém
phan biét.
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Goi A(x,,% +m);B(x, X, +m)la toa do giao diém cua (d)va (C), khi do theo dinh ly viét, ta
. 2m-3
€01 % +% ==X, =—(m+1)

Tu dosuyra:
OA? + OB? = X2 +(x +m)’ + X2 +(X, +m)’
=2(X +%,)" —4xX, +2m(x, +X, ) +2m’

2
= 2(— 2m2_3j +4(m +1)—2m(2m2_3j+2m2

=%(4m2 +2m +17)

Vay OA2+OBZ=£<:>=1(4m2+2m+17)=£<:>m=—§vm=2.
2 2 2 2

Viy m= —g; m = 2 13 hai gia tri can tim.

BAI TAP PE NGHI

2X—m
mx +1
d:y=2(x—m)tai hai diém phan biét A Bthuoc mot duong (H)cd dinh. Duong thang

1.1. Chohamsb y= (C,)- Chng minh rang véi moi m=0, (C, )cét dudng thang

d cat truc hoanh tai hai diém M, N . Tim nhiing gié tri cia m dé S5 =3Sgyy -
1.2, Cho ham so6 y=1—(C). Tim tat ca cac gia tri cua tham s6 mdé duong thang
~X
y =mx—m-1 cit do thi (C)tai hai diém phan biét Ava B sao cho MA’ + MB? dat gia tri
nho nhat, biét diem M (-1,1).

1.3. Chohamsb y= 2;;12 (C). Tim mdé duong thang d:y=2x+mcat (C)tai hai diém
phén biét A, Bsao cho AB = J5

14 Cho ham sé y= ;;; (C,). Tim mdé duong thang y=x+2céit (C,)tai hai diem
phan biét Ava B sao cho AB =2+/2

1.5.  Véimdi gia tri ciia tham s6 m dé duong thang d:y=mx+1cat do thi ham sb y = ZXX+_11
tai hai diém phan biét M, N va cit hai duong tiém cén lan luot tai A B. Ching minh

rang MA= NB.
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1.6.  Cho dudng thing y= 2X_—11 (C) va diém A(-2; 4). Viét phuong trinh dudng thing d
X —

cit d6 thi ham s6 (C)tai hai diém phén biét B, C sao cho tam gidc ABC déu.

1.7.  Tim m dé duong thang d:y=x+2m cit dd thi ham s6 y = tai hai diém phan biét

X+2
A, B sao cho AB£4x/§.

1.8.  Tim m dé duong thang y =x+m cit dd thi ham sé y = tai hai diém phan biét

X+2
2(x—1)
A, B sao cho OA? + OB? =%.

CAC BAI TOAN VE CUC TRI HAM SO

Logi 1 : Dicu kién ham s6 y = f(X) c6 cuc tri .

Phuong trinh f '(X) =0 ¢ it nhat 2 nghiém phan biét tro Ién.
Logi 2 : Diéu kién dé mot diém la cuc tri cua ham sb.

Cho ham sé y = f (x) diém M (x,; Y, ) € (C) 1a diém cyc tri cua ham s6 khi do f '(x)) =0.

i Néu 1T OD=0 i diém cuc dai cua db thi ham s
f (%) <0

(ii). Néu (%)= — M la diém cuc tiéu cua dd thi ham sd
f"(x,) <0

Loai 3 : Puong thing di qua cac diém cuc tri caa ham sb.

Xét v6i ham sé da thirc bac 3 : y = ax® +bx® + cx+d c6 dao ham y'=3ax? + 2bx+c.
L4y y chia cho y'ta duoc

1 b)), (2 b bc
y=|=X+—|y'+| ——2— [x+d —
3 9a 3 9a 9a

Ham s dat cuc tri tai x,, X, thi khi do y'(x) =y'(x,) =0nén
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2c . b? bc
y(x) (3 9 J %9a o ) . . ,
= Hai diém cuc tri cia ham sO0 nam trén duong thang
y0u) = 22 |y g2
? 3 9a %a
2
3 9a %9a

Luu Y : Véi cac hoanh do cuc tri khéng phu thudc tham sb thi ta khdng can thiét phai lam theo
cach nay, nhung c6 chira tham s6 thi day la lua chon khén ngoan.

Logi 4 : Cac diem cyc tri thoa man mot diéu kién chang han lap thanh tam gidc vudng, tam giac
déu,...L0c nay chlng ta dua vao tinh chat cua tam giac.

Dang toan : Lién quan dén diéu ki€n ton tai cuc, cuc ti€u- toa dd cuec tri.

Phwong phap :

- Dé ham s6 c6 cuc tri khi va chi khi phuong trinh y' =0 c6 hai nghiém phan biét.

. . . . ' =0 .
- Mot diém X, la diém cuc ti€u ciia ham so6 thi y"(xo) can phai thtr lai xem Yy'c6 doi
y"(%)>0
dAu tir 4m sang duong khi di qua x, hay khong.

2 2 . . y = 3 . . ;.
- Mot diem X,la diém cuc dai ciia ham so thi { § (XO ) 0 can phai thir lai xem y'c6 doi
Yy (%)<

dAu tir dvong sang am khi di qua x, hay khong.

- Cho hai diém A(X;Y,);B(X,;Y,)va dudng thing d:Ax+By+C =0hogdic dudng tron
(C) :(x—a)2 +(y—b)2 =R?,

=(Ax +By, +C)(Ax, + By, +C)

=((x1—a)2 +(y,—b)’ —Rz)((xz ~a)’ +(y,-b)’ —Rz)

Khi d6 hai diém A, B nim ciing phia véi d hogc (C)khi va chikhi T >Ohodc V > 0.

Hai diém A, B nim khéc phia déi véi d hoge (C)khi va chikhi T <Ohogc V <0.

Dic biét :

Hai diém cyec tri nam khéc phia véi truc tung thi pt Y'= 0co hai nghiém trai dau.

Xét

Hai diém cuc tri nam khac phia d6i voi truc hoanh thi Yoo Yor < Ohoic phwong trinh Y =0c¢6
ba nghiém phan biét.
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CHINH PHUC

TOANTU A-Z

BAI TAP MAU

Bai 1. Tim m dé ham s6 sau co cuc tri y:§x3—mx2+(2m2—3m+2)x+8.

Lo qidi :

Taco y'=x"—2mx+2m’ —3m+2

Ham s6 ¢6 cuc tri khi va chi khi phuong trinh y'=0c¢6 hai nghiém phan biét
A'=—m*+3m-2>01<m< 2.

Bai 2. Tim m dé ham s§ y = mx* +(m2 —9) x? +10¢6 3 cuc tri.

Lo1 gidi :
Taco y'=4mx* +2(m? —9)x = 2x(2mx* +m? —9)
Ham sb ¢6 3 cuc tri khi va chi khi phuong trinh y'=0c6 3 nghiém phan biét, diéu nay twong
duong voi
_m*-9 .
m < 0<m<3vm<-3
m =0

A N A Y A 1 3 9 7 =R \ A 7 -
Bai 3. Timmdé hamso vy ZZX4 —mx® +E chi ¢6 cyc tieu ma khdng co cuc dai.

Loi gidi :
e ' 3 2
Taco y'=x*—2mx=x(x*—2m)
+ Néu m = 0= ham sb chi cé cuc tiéu tai x=0.
+ Néu m < 0thi ham s6 chi ¢ cuc tiéu tai x=0.
+ Néu m > 0thi ham so ¢ 3 cuc tri, nén khdong thoa man.
Vay m < 0Ia nhirng gié tri can tim.

Bai 4. Tim m dé ham sd y=(x—m)3—3x dat cuc tiéu tai x=0.

Loi gidi :
Taco y'=3(x—m)2—3;y"=6(x—m)
y'(0)=0 3m*-3=0
=
y"(0)>0 —6m>0
Thir lai véi m = —1thi ham s6 y=(x+1)3—3x co y'=3(x+1)2—3:3x(x+2)
d6i dau tir am sang dwong khi di qua 0. Vay nén ham s dat cuc tiéu tai x =0.
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i cHINH PHUC

TOANTU A-Z

Vay m=-11a gia trj can tim.

Binh luin : Rat nhiéu hoc sinh ciing nhu ca cac thay c¢6 khong hiéu rd diéu kién dé ham sé dat
cuc tri tai mot diém ; va tit nhién nhu trén khi noi diéu kién dé ham sb dat cuc tiéu tai x = 0 thi
hoc sinh lai viét :

7 : q (0)=0
D& ham s6 dat cuc tiéu tai x 0 khi va chi khi {7
y"(0)>0
Luu V: S& khong c¢6 diéu twong duong trén, ma chi c6 1a néu dat cyc tiéu tai x =0thi

chtr khong c6 dieu nguoc lai

{y (0)=0
y'(0)>0
Do d6 khi tim duoc gid tri cia tham s6 m thi ta phai thir lai xem c¢6 thoa méan diéu kién d6i dau
cua Yy'hay khong.

Bai 5. Tim m dé ham s y:%X‘°’+(m2—m+2)x2 +(3m2 +1)x+m—5 dat cuc tiéu tai x =—2.

Lo1i gidi :

y'=x*+2(m* —m+2)x+3m* +1

Taco
y“:2x+2(m2 —m+2)

Sm=4.

. , '(-2)=0 2m?—-2m>0
Ham s6 dat cuc ti€u tai x = —2thi {y( ) @{

y'(=2)>0  [4m-m*=0

Thir lai voi m = 4 théa man.
Vay m = 41a gia tri can tim.

Bai 6. Tim m dé ham sb y=(x—m)(x2—3x—m—l) cd cuc dai va cyc tiéu thoa man

|Xep-Xer| =1

Loi gidi
Taco y'=3x"-2(m+3)x+2m-1
Ham s6 c6 cyc dai va cuc tiéu théa man X, X |=1 khi va chi khi phuong trinh y'=0¢6 hai
nghiém phan biét x,,x, thoa man |x,x,| =1, diu nay tuong duong vdi
A'=m*+7>0
i :(st_l)z _® {2 - _, lanhiing gid tr can tim.
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Bai 7. Tim cac gié tri cua tham s6 mdé db thi ham sb y :%x3 —%(m+3)x2 +2(m+1)x+1co

hai diém cuc tri v&i hoanh do 1on hon 1.

Lo1i gidi :
Taco y'=x"—(m+3)x+2(m+1)
y'=0< X —(m+3)x+2(m+1)=0(*)
Ham sé c6 2 cuc tri khi va chi khi phwong trinh (*) c6 hai nghiém phan biét
S A=m’-2m+1>0 < m=1(i)
Yéu ciu bai toan twong duong véi (*) ¢ 2 nghiém x,, X, thoa méan
X, >1 X, + X, >2 m+3>2
& = < m>0
x,>1 " |(x-1)(x,-1)>0  |2(m+1)-m-3+1>0
Két hop voi diéu kién (i) suy ra 0 < m =112 gia tri can tim.

Bai 7. Cho hams6 y =2x* +mx® -12x-13(C,,).
Timmdeé (C,) c6 cuc dai va cuc tiéu va cac diém nay cach déu truc tung.

Lot qidi :

Taco y'=2(3x*+mx—6)

Phuong trinh y'=0¢6 A=m®+72>0nén ham sb luon dat cuc tri tai hai diém x,, X, .

Piém cyc dai va diém cyc tiéu cua ham sé cach déu truc tung khi va chi khi

m
|X1|=|X2|<:>X1:_X2:>X1+X2=?=0<:>m=0.

Vay m = 012 gi4 tri can tim.

A \ A 1 1 \ A 5 y .y . 5 A A \ A
Bai 8. Cho ham sd y = §X3 —me2 +(m2 —3) X . Tim tat c4 cac gia tri cua tham s6 m dé ham so

co cuc dai, cuc tiéu sao cho X, X, 12 do dai cac canh goc vudng ciia mot tam gidc vudng cd do

dai canh huyén bang \/g .

Loi gidi :

Taco y'=x"—mx+m>—3
Yéu ciu bai toan tuong duong voi phuong trinh y'=0c6 hai nghiém dwong phan biét x,, X, va

thoa man X12 + X22 =
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CHINH PHUC

TOANTU A-Z

A=4-m?>>0 —2<m<2
_ m>0
S m>0 \/ﬁ
<1P=m?-3>0 = m>\/§vm<—\/§<:)m:T
32—2F>:m2—2(m2—3)=E m:i@
2 2

14 . ., .
Vay m= TN la gia tri can tim.

Bai 9. Tim tit ca céc gia tri cua tham s6 m dé cac diém cuc dai, cuc tiéu ctia dd thi ham sd
y= —x° +(2m +l) X’ —(m2 —-3m+ 2)X—4n§1m vé hai phia truc tung.

e

Loi gidi :

DPé d6 thi ham s ¢6 cuc dai, cuc tiéu nim vé hai phia ddi véi truc tung khi va chi khi phuong
trinh y' = 0co6 hai nghiém trai dau

< 3%+ 2(2m +1)x—(m2 —-3m+ 2) ¢6 hai nghiém trai diu
<:>3(m2 —3m+2)<0<:>1<m<2

Viay me (1; 2) 14 gi tri cAn tim.

Bai 10. Tim m dé d0 thi ham s§ Yy = x® —3%x% —mX+2¢6 cuc dai, cuc tidu cach déu duong
thing Yy =X —1.

Loi gidi :
Ham sé c6 cyc tri khi va chi phuong trinh y'=3X* —6X—m=0co6 hai nghiém phan biét
SA'=9+3m>0< m>-3.
Khi d6 goi toa dd hai diém cye tri la A(X;; Y, ); B(X,;Y,)

x 1

Lay Y chia cho y'tadu:c_yc:y:(g—gjy'—£—+2jx+2—%

( 2m m
=—| —+2 X, +2——

Do y' =y'(x,)=0
A FC TR
R ? 3
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. . 2m m
Suy ra duong thang di qua hai diémcyctrila d 1y = —(? + 2} X+2-— 3

Vay dé hai diém cyc tri cach déu duong thang Y = X —1thi hodc d song song véi duong thing
y = X —1lhoic trung diém ciia AB thudc duong thing Yy =X —1.

Tru’(‘rngh(ml:—(z—m+2j:_1<:>m:_§

3 2

Trlr(‘rngh(mz:y1+y2:X1+X2_1<:>_£ 2_m+2 (X1+X2)+2—m Xt X -1
2 2 2\ 3 3 2

2m m
Theo dinh ly vi-éttaco : X, + X, :2:—(?+2j+2—§:1—1<:> m=0

Ca hai gia tri nay déu théa man dieu kién

. 1 e
Vay me O,—E la gia tri can tim.

Bai 11. Tim m dé cuc dai, cuc tiéu cta dd thi ham sb y= x* —3mx? + 4m* déi xung nhau qua
dudng thang Yy = X.

Loi gidi :

Taco y':3x2—6mx=0<:{ ) , vy dé ham s c6 cuc tri khi va chi khi m# 0
X=72IMm

Khi d6 goi toa o hai diém cye trj 1 A(0;4m°); B(2m;0) = AB =(2m;—4m’)va trung
diém cia AB la | (m;2m°),
AB Ld

Vay A, B d6i xting nhau qua dudng thang d : y = X khi va chi khi {l d
€

2m—-4m° =0
= <:>m:i£do m=0.
2mé=m 2

2 .
Vay m= i7 la gia tri can tim.

Bai 12. Tim m @& ham s6 y = x*—3mx* +3(m’ —1) x—m®+m c6 cyc trj ddng thoi khoang céch

tur diém cyuc dai dén goc toa d§ bang JE lan khoang céch tir di€ém cyc tiéu dén goc toa do.
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CHINH PHUE

TOANTU A-Z

Ham s6 cé cuc trj khi va chi khi pt y'=3x"—6mx+3(m’—1)=0co hai nghiém phan biét
S A=1>0,Vm.

T d6 suy ra toa do cac diém cuc tri 13 diém cuc dai A(m—-1;2—2m)va diém cuc tiéu
B(m+1-2-2m).

Yéu cau bai toan tuong duong voi :

OA=+/20B < m? +6m+1=0<m=-3+22.

Bai 13. Tim m dé ham s6 y =x*+(1-2m)x* +(2—m)x+m+2c6 cyc tri dong thdi hoanh do
cuc tiéu nho hon 1.

Loi gidi :
Yéu cau bai todn twong duong véi pt y'=3x"+2(1-2m)x+2-m=0c6 hai nghiém phan biét
X <X, <1.
Céchl:

A'=4m’-m-5>0

) 5 7
cbt trong duwong voi : 2 S—<m<—
Y g g " :2m—1+\/4;m -m-5_, % 5

Cach2:
bat g(x) =3x*+2(1-2m)x+2-m

Viy yéu ciu bai toan twong duong voi :

A'=4m*—-m-5>0
g@)=-5m+7>0 <:>g<m<%
S 2m-1
2 3

<1

. S 7)oy o oa
Vay me Zg la gia tri can tim.

Bai 14. Tim m dé ham s6 y = x* —3(m+1)x* +3m(m+2)x—2+m c6 cuc tri, dong thoi khodng
cach tir diém cuc dai dén truc hoanh béng khoang cach tur diém cuc tiéu dén truc tung.

e

Loi gidi :
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| cHINH PHUC

|  TOANTUA-Z

X=m

Taco y'=3x’ 1 2) =
acod y'=3x"+6(m+1)x+3m(m+2) Oc{x:m+2

Suy ra ham s6 ludn c6 cuc tri

Khi dé toa do diém cuc dai A(m; m® +3m?+m-— 2) va diém cuc tiéu B(m +2:m° +3m? + m—6)

Yéu cau bai toan twong dwong voi
m? +3m? +m—2‘:|m+2| <:>‘(m+2)(m2+m—1)‘ =|m+2|

m+2=0 m 2
) m=-1
SIm+m-1=1 <
) m=1
m+m-1=-1
m=0

Véy c6 4 gid trj can tim ciia m 1a {-2;-1,0;1}

Bai 15. Tim cic gia tri thuc cia tham s m dé diém cuc dai, cuc tiéu cua ham sb

y:%x?’ —(m+1)x? +g(m+1)3 nam khac phia véi duong tron (T): x* + y* —4x+3=0

Lol giai:

x=0
x=2(m+1)
Ham s6 c6 cuc dai, cuc tiéu khi va chi khi m= -1

Khi d6 toa doc hai diém cuc tri 12 A(O;%(m +1)3j; B(2(m+1);0)

Taco y':x2—2(m+1)x:0<:{

buong tron (T) c6 tam 1(2;0) ban kinh R=1
Hai diém ABndm khic phia véi duong tron (T)  khi

16 6
IA* —R?*)(IB*-R? <0<:>(3+— m+1 j 4m®-1)<0
(102 - R7) (18% - ) © (m )" |(am 1)
) 1 1,
< 4m —1<0<:>—§<m<5 thoa man diéu kién
. 1.1y, . W
Vay me _E;E la nhitng gia tri can tim.

BAI TAP DE NGHI

1.1, Timmdéhamsé y=mx®+3mx* —(m-1)x—1 c6 cyc tri.
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1.5.

1.6.

1.7.

1.8.
1.9.

1.10.

1.11.

1.12.

1.13.

1.14.

1.15.

CHINH PHUC

TOANTU A-Z

Timmdé ham s6 y = x* +3mx? +m? +m dat cuc tiéu tai x=0.
Tim mdé ham s6 y =—x*+3(m—-2)x* +(m—4) x+2m-1 dat cuc dai tai x=-1.
Cho ham s6 y = x* +4mx® +3(m+1) x* +1. Véi gia tri nao ctia tham so6 m dé ham sé chi
c6 cuc tiéu ma khdng co cuc dai.
Cho ham sé y=x*+(m+3)x*+2(m+1)x*. Ching minh rang véi moi m = —1ham sé
lubn c6 cuc dai ma hoanh d6 khong duong.

4 1 1 . R N A 7 =R N A e -
Cho ham s6 y = §X4 —mx? +§ . Xac dinh m dé ham s6 ¢6 cuc tiéu ma khéng co cuc dai.
Chirng minh rang véi moi tham s m ham sé y = x* + mx® + mx* + mx +1khong dong thoi

c6 cuc dai va cuc tiéu.

Tim m dé ham s6 y = mx* +(m—1)x® +1-2m chi ¢ dung 1 cuc tri.

Tim m dé ham s6 y =2x°+3(m-1)x*+6(m—2)x—1cé cuc dai X va cuc tiéu X,thoa
man x, +X,> =26.

Pap s6: m=-1.

Chung minh rang v&éi moi gid tri cua tham s6 m thi ham so
y=2x"-3(2m+1)x* +6m(m+1)x+1luén cé cuc dai, cyc tiéu dong thoi khoang cach
gitra cuc dai, cuc tiéu khong ddi.

Tim m dé ham s§ y=x° -3(m+2) x* +9x—m—1dat cyc tri tai cac diém X, x,sa0 cho

% —x%,|<2.
Cho ham s6 y =2x°~3(m+2)x* +6(5m+1)x—(4m’ +2). Tim nhing gi4 trj ciia tham
s6 m dé ham s dat cuc tiéu tai diém x, e (2]
, 1
béap s6: me [—5;0)

Tim m dé d6 thi ham s6 y = x® +3x* + mMx +m—2 ¢6 hai diém cuc tri nim vé hai phia cua
truc hoanh.
Dép s6 1 me(—o0;3).

\ A 1 1 \ A 5 y .7 . 5 A A \ A
Cho ham s6 y = 3 x> —me2 + (m2 —3) x . Tim tat ca cac gia tri ctia tham s6 m dé ham s
cd cuc dai, cuc tiéu sao cho Xeps Xor 18 d0 dai cac canh goc vudng cua mot tam giac

vudng c6 d6 dai canh huyén bang \/g .

\ A A . \ A 3 2 ’ . <R M A . , A
Tim m d€ do thi ham s6 Yy = X" ———X" + Mcod cyc dai, cyc ti€u nam vé hai phia doi

voi duong thang X —y =0,
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1.16.

1.17.

1.18.

1.19.

1.20.

1.21.

1.22.

1.23.

1.24.

1.25.

1.26.

1.27.

1.28.

CHINH PHUC

TOANTU A-Z

Tim m dé db thi ham s6 Y =X —3(M+1)X* +9X+M—2 ¢6 cuc dai, cuc tidu dbi

xing nhau qua dudng thing y= E X.

Tim diém M trén duong thing y=X—2 sao cho tong khoang cach tir M dén hai diém
cuc tri ctia d6 thi ham sé y = x* —3x% + 2 dat gi4 tri nho nhat.
Tim tét ca cac gié tri cia tham s6 m dé hoanh d6 cac dém cuc dai, cuc tiéu cua do thi ham
s6 y=(m+2)x*+3x* + mx—51a cdc s6 duong.
Tim tt ca céc gia tri ciia tham s6 m dé hoanh do cac diém cuc tri X, X, cua dd thi ham s6
y = 4x° + mx® —3x thoa min X, = —4X,.
Xéc dinh m dé ham sé y = x° +(1-2m)x* +(2—m)x+m+2dat cyc trj tai X,,X,5a0 cho
%, = X, | > 1 .

3

, . 1 .
Tim m dé ham s6 Yy =§X3 +(m—2) x? +(5m +4) X+3m+1dat cuc tai X, <X,sa0 cho
X, <2<X,.

. 2ois £ 1 5 ) 1 s \ «
Tim m dé ham so6 yzgmx —(m-1)x +3(m—2)x+§ dat cuc tri tai x,x, thoa man
X, +2X, =1.

Tim m dé ham s§ y =X*+2(m—1)x* +(m? —4m+1) x—2(m’ +1) dat cyc dai, cyc tiu

) , . 1 1 + X
tai X, X, thoa man LR ke

X X 2
Tim m dé dd thi ham s& y=2x>+9mx* +12m*x +1cé cuc dai, cuc tiéu dong thoi
2
Xep —Xor = 0.

Tim m dé ham s6 y:2x3+(m+1) x2+(m2 +4m+3)x+1 dat cuc tri tai hai diém x,, X,
3

sa0 cho A= |xx, —2(X, +X, )| dat gid tri lon nhat.

< 2 Je 1 5m e, . -2 ,
Tim m dé ham so y=§x3—7x2—4mx—4 dat cuc trj tai X,X, sao cho bicu thuc

2

X,” +5mx, +12m
2

A= m

=— dat gia tri nho nhét.
X" +5mx, +12m m

Tim m dé ham s6 y =2x>-3(2m+1)x* +6m(m+1)x+1cé cyc tri, khi d6 tim quy tich
trung diém cua doan théng ndi diém cuc dai va cuc tiéu.

Tim m dé cac diém cuyc tri cia dd thi ham sd y= x> —3x% + 2nam v& hai phia ddi voi
duong tron X* + y* —2mx—4my +5m* -1=0.
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CHINH PHUC

TOANTU A-Z

1.29. Tim m dé d6 thj ham s6 y=x°-3(m+1)x* +3m(m+2)x—-12m+8 c¢ hai diém cyc tri
A; B sao cho tong do dai MA+ MBnho nhat véi M (3;2).

1.30. Chung minh ring voi moi gid tri thyc ctia tham sém thi dd thi ham sb
y=x°+3(m+1)x*+3m(m+2)+m’+3m® luén cé hai diém cuc tri ; dong thoi khoang
cach gitra hai diém cuc tri khong ddi.

Dang toan : Pwong thing di qua diém cwe dai cue tiéu

BAI TAP MAU

Bai 1. Tim m dé diém A(3;5)ne°1m trén duong théng ndi hai diém cuc tri cua d6 thi ham sd

y=x>—3mx* +3(m+6)x+1

Loi gidi :

Ham s6 ¢6 cuyc tri khi va chi khi phuong trinh y' = 0co hai nghiém phéan biét
& X* = 2mx+m+6 =0c6 hai nghiém phan biét
L m>3
SA'=m-m-6>0& *)
m< -2

Khi d6 toa do hai diém cuc trila M (x;y,);N(%,;,)

(
Lay ychiacho y'tadugc: y= (———) 2( m +m+6)x+m +6m+1

Yy =2(—m* +m+6)x, +m’ +6m-+1
Do y'(x)=Yy'(x)=0= , ,
y2:2(—m +m+6)x2+m +6m+1
Suy ra duong thing di qua hai diém cuc tri 1
d:y=2(-m’+m+6)x+m’+6m-+1, theo dé bai A(3;5)<d nén
m=4
5=6(-m’+m+6)+m’ +6m+1c g dbi chiu voi didu kién (*) suy ra chi nhan gia tri
m=——
5
m=4.
Vay m = 41a gia tri can tim.

o1




CHINH PHUC

N \ A 1 1 \ A A . \ A ’ . R A
Bai 2. Cho hams6 y = §X3 —E(m +1)x* +mx. Tim m d¢ do thi ham so ¢6 cuc dai, cuc tiéu doi

ximg nhau qua duong thing A:72x-12y—35=0.

Loi gidi :

Ham s6 c6 cuc tri khi va chi khi pt y'=x*—(m+1)x+m=0c6 hai nghiém phan biét
& A=(m+1) —4m>0 o m=L.

Khi d6 toa do hai diém cuc trila M (x;y,);N(%,;,)

Léy ychiacho y', ta duoc : y:(g_mTﬂjy'—%(m—l)zx+%m(m+1)

A :—%(m—l)2 xl+%m(m+1)

Do y'(x)=Yy'(x)=0=> .
2 1

Y, :—g(m—l) X, +gm(m +1)

Suy ra duong thing di qua hai diém cuc tri lad :y = —%(m —1)2 X+%m(m +1)

DPé M, N dbi xig nhau qua Athi trudc tién phai co
1 m=0
d LA<:>——(m—1)2.6:—1c>
6 m=2

o Voi m:O:M(O;O);N(l;—%j:trung diém cua MN la I(%;—%ng. Nén loai

=0.
o L. 5 2 g, . 3 9 R )
< Véim=2=M 1;8 N 2;5 = trung diém cia MN la | EE ¢A.Nénloaim=2.

3

Vay khong c6 gid tri ndo cia m théa man.

Bai 3. Chirng minh rang véi moi gia tri cia tham s6 m thi d6 thi ham s
y = —x° +3mx? +3(1— m2) x+m® —m?ludn cé cuc dai, cuc tiéu dong thoi goi (X; y)1a hoanh do,

A iR e ., 1
tung do cac diém cuyc tri thi ta luén co6 2X—y+ZZO.

Loi gidi :
Taco y'=-3x+6mx+3(1-m’)=0, c6 A=1Vm.Nén luén c6 hai nghiém phan biét hay ham
s6 ludn ¢6 cuc tri véi moi m.

Khi d6 goi toa do hai diém cuc trila A(X;Y,);B(X,:Y,)

52



YASE

CHINH PHUC

TOANTU A-Z

Lay y chiacho y', ta dugc : y=(§—%)y'+2x—m2+m

' . Yy, =2X% —m>+m
Doy()(l):y(xz):0:>{1 ,
Y, =2X,—m°+m
Nén duong thing di qua hai diém cuc trila y=2x-m*+m
T d6 suy ra hoanh d9, tung do céac diém cuc tri théa man

1, 1 1Y e
2X—y+z=m —m+Z= m—E >0. T do ta co dpem.

Bai 4. Ching minh ring véi nhitng gia tri thuc cua tham s6 m dé d6 thi ham sb
1 ) .2 ) .
y=x° —g(m+1) x? +3mx—§ m(m-+1)co cuc dai, cyc tiéu ; dong thoi goi (X;y)la toa do cac

diém cuc dai, cuc tiéu thi ta ludn cd (X3 - y) x=>0.

Loi gii
., 5 X=m
Taco y'=3x"-3(m+1)x+3m=0< 1
X=
Pé ham s ¢ cyc tri khi va chi khi m 1.
Khi d6 goi toa do hai diém cuc trila A(X;Y,);B(X,:Y,)

Lay y chiacho y', ta dugc : y:(g—%(mﬂ)jy-_%(m_l)zx
1
Y1:_E(m—l)z X
Do y'(x)=Yy'(x)=0= .
2
Y :_E(m_l) X,

: . a2 ) 1
Nén dudng thing di qua hai diém cuc tri la y = _E( m —1)2 X

2 ) 1
Tur d6 suy ra hoanh do, tung d6 cac diém cuyc tri thda man (X3 — y) X =x* +§(m —1)2 x*>0. Tu

doé ta c6 dpem.

2
s pe X+ g , £ 24X a1 La £ m- .
Bai 5. Voi mdi gia tri thuc clia tham s6 m dé do thi ham s6 y=x>+x*+ m2X+?co cuc dai,
cyc tiéu ; dong thoi goi (x;y)la toa do cac diém cuc tri. Tim gi4 tri nho nhét cua biéu thic

p=Y=X
X+Yy
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Loi gidi :

Ham s6 c6 cuc tri khi va chi khi phuwong trinh y'=3x? +2x+m? = 0¢6 hai nghiém phan biét, khi
va chikhi A'=1-3m*>0<0<m? <%

Khi d6 goi toa df hai diém cuc trila A(X;Y,);B(X,;Y,)

. ) x 1 2 2
Lay ychiacho y',taduoc: y=| =+=|y+| =m*—= |x
i yorncn - e =[5+ 22

(i3
1 3 9 1

Do y'(x)=Yy'(x)=0=

. . 2 : 2 2
Nén duong thiang di qua haidiém cyc trila y = (5 m? — —j X

(Zmz—SJX—X gmz_E

vay p=Y =X _ g : =3é g
XY 1 fm_Cxex Smi4—
39 39

2, 11
Xéthamsé f0)=3— 9 voit=m?e|0;
2. 7 3

it+i

39

Tacd f(t)la ham don diéu tang trén [0%) nénsuyra P=f(t)> f(0) = —1—71 :

e . . 11 .
Vay gid tri nhé nhat cua P bang 7 khi m=0.

Bai 6. Tim céc gié tri thuc ciia m dé duong thing di qua cuc dai, cuc tiéu caa dd thi ham sb
y =x° —3x% +1 tiép xtic véi duong tron (T): (x—m)2 +(y- m—l)2 =5

Loi giai :

Dé t%léy hai diém cuc tri 12 A(0;1);B(2;-3), suy ra phuong trinh di qua hai diém cyc tri cua
hamsé 1a d:2x+y-1=0

buong tron (T) c6 tam 1 (m;m+1) va ban kinh R=+5

Yéu cau bai toan twong duong véi

a(1(0)) =5 e P s
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BAI TAP DE NGHI

Tim tit ca cac gia tri cua tham s6 m dé duong théng di qua cuc dai, cuc tiéu cua do thi
ham s6 y = x> —3mx + 2cét duong tron tam 1 (1;1) ban kinh béng 1 tai hai diém phéan biét
A, Bsao cho dién tich tam gidc 1AB 16n nhat.
2+43

2
Tim m dé do thi ham s Y= 2x° +3(m —1) X2 + 6m(1— 2m) Xc6 cuc dai, cuc tiéu
nam trén dudng thang4X +y=0.

Pap sd: m=

Tim m dé duong thing ndi hai diém cuc tri cia d6 thi ham sé y = XX+ mx® +7x+3
vudng goc voi duong thang 3X—y —7=0.

Tim nhitng gia tri cta tham sb m dé duong thang ndi hai diém cyc tri cia dd thi ham sb
y=x"-3(m-1)x* +(2m* —3m+2)x—-m(m-1)ta0  voi duomg thing
X + 4y — 20 = 0 mot goc bang 45°.

Tim tit ca cac gid tri cia tham s6 m dé hai diém cuc tri cia dd thi ham sb
y = x> —3%* + M*X + M ddi xttng nhau qua duong thing X — 2y —5=0.

Tim tat ca cc gia tri ciia tham s6 m dé khoang cach giira hai diém cyc trj caa dd thi ham

J4 _1 3 2 \ ) X
$0 y_gx —MX® — X+ M +11a nho nhat.

Chimg minh ring véi moi gid tri cia tham sb m thi d6 thi ham s6
y= x® —3mx? +3( m? —1) X —mco cuc dai, cuc tiéu chay trén mot duong thing cb

dinh.
Tim tat ca cac gia tri cia tham s60 m dé duong thang noi hai di€m cuyc tri ctia do thi ham

s& ¥ = x> —3X* —mX + 2 song song véi dudng thing Y = —4X + 3.

Chirng minh rang v&i moi gia tri ciia tham s6 m thi d6 thi ham s6

y =X +3mx? +3(1— m2) X+m° —m?ludn ¢ cuc dai, cuc tidu ddng thoi goi (X; y) la
hoanh d9, tung d¢ cac diém cuc tri thi ta luon c6 2X — Yy + " >0.

Chimg minh rang v6i nhitng gid tri thuc ctia tham s6 m dé d6 thi ham sé

y=x° —g(m+1) X2 +3mx—%m(m+1) c6 cuc dai, cuc tiéu ; dong thoi goi (X; y)la toa

dd céac diém cuc dai, cuc tiéu thi ta ludn co (X3 - y) x=>0.
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1.11. Tim m dé dd thi ham sé y= x?’—g(m+1) x2+3mx—%m(m+1) cd cuc dai, cuc tiéu;

déng thoi hoanh dg, tung dg cac diém cuc tri thoa mén (X —% y)( y —% Xj >0 ; trong do

(x;y)la toa do cac diém cuyec tri.
1.12. Chung minh ring voi nhiing gia tri thyc cia tham sb m dé d6 thi ham s

y=x —g(m+1) X2 +3mx—%m(m+1) c6 cuc dai, cuc tiéu ; dong thoi goi (X; y)la toa

A g ae2 . .2 \ " , X—
d0 cac diém cuc dai, cuc tiéu thi ta luén co y >1.
X
2

- TR, . A 24X 1 L £ m- .
1.13. V&i mdi gia tri thuc clia tham s6 m dé d6 thi ham s6 y= x> +x* + m2X+?co cuc dai,

cyc tiéu ; dong thoi goi (x;y)la toa do cac diém cyc tri. Tim gia trj nho nhit cua biéu

thie P=J1 =%,
X+y

Dang toin: Ba diém cuec tri ciia do thi ham s6 tao thanh mét tam gisc

Bai 1. Tim m dé do thi ham sb y= x* —2m?x? +1¢6 ba diém cuc tri 12 ba diém cta mot tam giac
vubng can.

Loi gidi:
x=0
XZ

Taco y'=4x*—4m’x=4x(x* -m’) =0 < ,» VAy v6i m =0 thi d6 thj him sb c6 3 cyc

tri.

Khi d6 toa do ba diém cyc trj la A(0;1);B(-m;1-m*);C(m;1-m*), ta thdy B,C déi ximg véi
nhau qua tryc tung. Vay ba diém cuc tri tao thanh tam giac vuong can thi s€ vudng tai A.

Taco AB= (—m;—m“);A—C =(m;—m4)

Vay ABAC =0 -m*+m’ =0 m=+1,do m=0.
Vay m=+1la nhirng gia tri can tim.

Bai 2. Tim m dé d6 thi ham s6 y = x* —2mx® +1¢6 ba diém cyc tri va duong tron di qua ba diém
cuc tri ¢6 ban kinh béng 1.

e

Loi gidi:
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, , vay do thi ham so c6 ba di€m cuc tri khi va chi
=m

. 3 2 X

Taco y'=4x —4mx:4x(x —m)c{
X

khi m>0.
Khi d6 toa d¢ ba diém cuc tri a A(0;1); B(—v/m;1-m?});C(Vm;1-m?)
Goi | 1atdm va R 1a ban kinh dudng tron ngoai tiép tam gidc ABC .
Do B,C d6i xing v6i nhau qua truc tung nén tam giac ABC can tai A, do d6 tdm | nim trén
Oy, gia st :

1(0;y) = 1A= R=1c/(y-1) =1©B:2:> 1,(0;0);1,(0;2)

m=0
Véi 1,(0,0)= 1B=R=1em+(1-m’) =1le|m=1 , do m>0nén chi nhan
~1++/5
2

m=

2
Voi ( ) = 1,B=R= 1<:>,/m+ 1+m 1, phuong trinh nay vO nghiém do

m>0=>m+(1

Vay m=1m=— 14 hai gi4 tri cAn tim.

Bai 3. Cho ham s y:%x4—(3m+1)x2+2(m+1). Tim m dé ham sb c6 3 diém cuc tri tao

thanh mét tam giac co trong tam la O.

Loi gidgi:
x=0

Tacd y'=x*-2(3m+1)x=y'=0<
y ( )=y x> =2(3m+1)
Ham s6 ¢6 3 cyc tri khi va chi khi 3m+1>0< m> —% (i)

Khi d6 toa d 3 diém cuc tri la:
A(0;2m+2),B(—v6m+2;-9m” — 4m+1),C (6m +2;-9m’ —4m+1)
Yéu cau bai toan twong duong véi:

Ya+Ys+Y =0<:>—18m2—6m+4=0<:>m:£;m=—z.Chigiétrimzlthéamﬁndiéukién.
A B C 3 3 3
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1,
Vay ngla gia tri can tim.

Bai 4. Cho ham s6 y=x"—-2mx*+2(C, ). Tim tat ca c4c gia tri cua tham s6 mdé (C,)co 3

2 ) . R e e R Cif 2 39
diém cyc tri tao thanh mdt tam giac c6 duong tron ngoai tiép di qua dieém D(ggj .

Loi gidi :

x=0

x> =m

Ham s6 ¢6 3 cuc tri khi va chi khi m>0

Khi d6 toa d9 3 diém cuc tri 12 A(0;2),B(—v/m;-m’ +2),C(vm;-m” +2)

Goi 1(x;y) 1 tam duong tron ngoai tiép tam giac ABC , khi d6

Tacd y'=4x’-4dmx=y'=0<

1A% = ID? 3Xx—y+1=0 x=0y=1
IB> = IC? < 4 2x/m = -2xJm N {m=0
IA? = |B? ()(Jr\/ﬁ)zjt(y—2+m2)2=x2+(y—2)2 m=1

Do m > 0nén chicé m=1théa mdn. Vay m =1l gié tri can tim.

Bai 5. Tim m dé dd thi ham s y = x* —2(1—m2)x2 +m+1c6 3 diém cuc tri 1ap thanh mot tam
gi4c c6 dién tich lon nhat.

Lot qidi :
Taco y'=4x° —4x(1-m?)=4x(x* —1+m?). Ham s6 c6 3 cuc trj khi va chi khi phuong trinh

y'=0c0 3 nghiém phan biét <1-m*>0< -1<m<1(i)
Khi d6 toa do 3 diém cuc tri la

A(0;1+m); B(—\/l— mz;\/l—mz);C(\/l— m? 41— mz)
Taco BC =2+v1-m?, phuong trinh dudng thing BC:y =+1-m?
Dién tich tam gidc ABC 1a S 5. :%d(A; BC).BC =(1_m2)2 1-m? <1

DAu bing xay ra khi va chi khi m =1(théa man (i)).
Vay m =1la gia tri can tim.

Bai 6. Cho ham s6 y = x* —2mx? +2m* —4. Xéac dinh m dé do thi ham sé c6 3 diém cuc tri tao
thanh tam giéc c6 dién tich bing 1.

Loi gidi :
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Taco y'=4x>—4mx

y'=0 4x°—4mx=0<> x(X* —m)=0. Ham s ¢6 3 cyc tri < m>0(*)

Khi d6 toa do 3 diém cuc tri caa ham s | :

A(0;2m? —4),B(Jﬁ;m2—4),c(—\/ﬁ;m2—4)

Nhan thiy A e Oy; B, C d6i xing vai nhau qua truc tung nén tam giac ABC can tai A.

Ké AH L BCkhi do S,q =%AH.BC =%|yA—yB||2xB|=%m2.2JH=1@ m=1( thoa man (*)

)-

Vay m =1l gia trj can tim.

Bai 7. Tim m dé ham s§ y = x* + (3m+1)x* -3¢0 ba cyc tri, ddng thoi ba diém cuec tri tao thanh

mot tam gidc can c6 do dai canh day bang § d6 dai canh bén.

Loi gidi :
x=0
Taco y'=4x°+2(3m+1)x=0<| ,  3m+1
XS =—
2
3m+1

Ham s0 c6 ba cuc tri khi va chi khi —

>0<:>m<—%(*)

Khi d6 toa do ba diém cuec tri 1a

A(O;—S);B[ /—32—1;_(3m4+1)2 —3}0[— /_32—1;_(3m:1)2 _3]

Tam giac ABC can tai A, vay nén yéu cau bai toan tuong duong véi BC = § AB

Cam_ 3m-1 (3m+1)'
<:>9.4( 32 1):4.[ 3m 1+( m-+1) J®m=—g thoa (*)

2 16

A 5 \ s « A 3 5 A
Vay m= -3 la gia tri can tim cua tham s6 m.

BAI TAP DE NGHI

1.1.  Tim m dé d6 thi ham $6 y= x* +2mx? —m-1¢6 ba diém cuc tri tao thanh mot tam gidc
c6 dién tich bang 42

1.2.  Tim m dé d6 thi ham s6 y = x* +2m?x® —1¢6 ba diém cyc trj tao thanh mot tam giac co
dién tich bang 32.
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Tim m dé dd thi ham $6 y= x* +2mx? + m? + mco ba diém cuc tri tao thanh mdt tam giac
c6 mot goc bang 120°.

Tim m dé d6 thi ham $6 y= x* +2m*x® +1¢6 ba diém cuc tri tao thanh mdt tam giac
vubng can.

Tim m dé do6 thi ham $6 y= x* —2mx* + m—1c6 ba diém cuc tri tao thanh mot tam gidc
¢6 ban kinh dudng tron ngoai tiép bang 1.

Tim m dé db thi ham $6 y= x* —2mx? + 2m+m®*cé ba diém cuc tri tao thanh modt tam
giac déu.

Tim tét ca cac gia tri ciia tham s6 m dé dd thi ham sb y= x* —2mx? + 2 ¢6 ba diém cuc tri
tao thanh mgt tam gidc nhan géc toa do lam truc tam.

Tim m dé dd thi ham sb y=x*+ 2(m-2) x2+m? —5m+5¢6 ba diém cuc tri tao thanh
mot tam giac déu.

Cho ham s6 y = x* —2mx® +2m . Xac dinh gia tri cia tham sé m dé do thi ham s6 trén co
cuc dai, cuc tiéu tao thanh.

1. Mot tam giac déu.

2. Mot tam giac vudng. ‘

3. Mot tam giac c6 dién tich bang 16.

Tim tat ca cac cip sb (m,n)sao cho d6 thi ham sé y = x* —2m?x® +nco ba diém cuc tri
14 ba dinh cia mot tam gidc déu ngoai tiép duong tron co tam 1a gbe toa do.

Tim cac gia tri cia tham s6 m dé dd thi ham s6 y = x* —2mx® +1c6 ba cuc tri va dudng
tron di qua ba diém nay c6 ban kinh béng 1.

Tim m dé d6 thi ham s6 y=x*-2(m+1)x*+mcoé ba diém cyuc tri A B,Csao cho
OA=BCvé6i Ola géc toa do, Ala diém trén truc tung.

Tim m dé d thi hamsb y = % x* —(3m+1)x* +2(m+1)c6 ba diém cuc trj tao thanh tam

giac ¢ trong tam 1a gdc toa do.

Dang todn: Hai diém cuc tri va mgt diém khac tao thanh mot tam giac

BAI TAP MAU

Bai 1. Tim m dé dd thi ham s§ y =—x> +3x* +3(m? 1) x—3m? —1¢6 cuc dai, cuc tiéu dong thoi
y g

cac di€m cyc dai, cuc tiéu va goc toa d6 tao thanh vudng tai O.

e

Loi gidi:
Taco y'=-3x° +6x+3(m2 —1)
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Pé ham sb co cyc dai, cuc tiéu thi phwong trinh y'=0phai c6 hai nghiém phan biét
& A'=9+9(m*-1)>0=m=0.
Khi d6 goi A(X;Y,);B(X,;Y,)1a toa d¢ hai diém cuc tri.
Lay y chiacho y', ta dugc:

y, =2m’x —2(m* +1
y:(ﬁ—%jy'+2m2x—2(m2+l). Do y'(x)=Yy'(x,)=0= ' ( )

3 y, =2m°x, —2(m’ +1)

Vay tam gidc OAB vudng tai O <> OAOB =0
& 1%, +(2m*x, —2(m? +1))(2m*x, —2(m* +1)) =0

& XX, +4M*x X, —4(m? +1)(x, + X, ) +4(m’ +1)2 =0 (*)

. . XX =2 .
Nhung theo dinh 1y vi-ét ta co: , » Khi do (*) tr¢ thanh
XX, =1-m
m==1
(m*-1)(3+4m* —4m*) =0 < J6 tit ca cac gia tri nay déu thoa man diéu kién m = 0.
m=+—
2

Vay me {il; i?} 14 nhirng gia tri can tim.

Bai 2. Tim m dé do thi ham s6 y=x*—3x*+3(1-m)x+1+3m c6 cuc dai, cuc tiéu dong thoi
cac diém cuc dai, cuc tiéu cung voi géc toa d tao thanh tam gidc c6 dién tich béng 4.

Loi gidi:
Ham sb c6 cyc dai, cyc tiéu khi va chi khi phuong trinh y'=0c6 hai nghiém phan biét
& X —2x+1-m=0c6 hai nghiém phan biét< A'=m>0.
Khi d6 goi A(x;Y,);B(X,;Y,)1a toa d¢ hai diém cuc tri.
Lay y chia cho y'ta dugc:
y:(g—%)y'—me+2m+2, do y'(x)=y'(x,)=0

{yl = —2mx, +2m+2

= AB:y=-2mx+2m+2
Y, =—=2mx, +2m+2

_ |em+2]

L+ am?

Taco AB:\/(xl—x2)2+4m2(x1—x2)2 =[x —X,|v4m?+1; d(O; AB)

Vay Sous :%.d (O; AB).AB =|x — X,|.|[m+1| =4
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<:>16:(m+1)2((x1+x2)2 —4x1x2) *)

X, +X, =2

Theo dinh 1y vi-ét ta cO: { khi d6 (*) tr¢  thanh

XX, =1-m’
m(m+1)° =4 < (m-1)(m*+3m+4) =0 < m=1thoa man diéu kién m > 0

Vay m=11a gia tri can tim.

Bai 3. Cho ham s6 y=x*+3x*+m. Tim m dé 46 thi ham sé c6 2 diém cyc tri A, Bsao cho
AOB =120°.

Loi gidi :

Taco y'=3x"+6x=y'=0= x=0vx=-2
Toa d) 2 diém cuc trila A(0;m);B(-2;m+4)
Yéu cau bai toan twong duong véi :

c0SAOB = 200 _ 2
OAOB 2
m=0
<:>—2m(m+4):|m|\/m2+8m+20<:> ~12++/132
m=——-"

3

Bai 4. Cho ham s y =—x*+3x? +3(m2 —1) x—3m? —1. Tim m dé db thi ham s6 c6 hai diém cuc
tri cach déu géc toa do.

Lol gidi :

Taco y'=-3x° +6x+3(m2 —1)

Ham sé c6 cuc dai, cuc tiéu khi va chi khi phwong trinh y'=0c¢6 hai nghiém phan biét, diéu nay
tuong duong voi A'=9m’ >0 < m=0. ’ 7

Gia st A, B la hai diém cuc tri cua ham so6, khi d6 toa dd0 hai diém cuc tri la
A(1-m;—2—2m°), B(1+m;—2+2m)

A va B cach déu goc toa do khi va chi khi OA=0B < 8m° =2m < m :i%(m #0).

1,
Vay m:ia la gia tri can tim.
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Bai 5. Tim m d¢ d6 thi ham s =%x3 —%(m—l) x? +(m—2)x+1cé hai diém cuc tri Ava B

ddng thoi tr giac OADB 13 hinh binh hanh, véi O 1a gdc toa do va D (3;9 .

Loi gidi :

Dé ham s6 c6 hai cyc tri thi phuong trinh y'=x’—(m-1)x+m-2=0c6 hai nghiém phan biét
& A=(m-1)°-4(m-2)=(m-3)" >0 = m#3

Khi d6 hoanh d¢ hai diém cuc tri X, =1, X, =m—2

Vi tir gidc OADB 14 hinh binh hanh nén trung diém ctia AB ciing 14 trung diém ctia OD, tir d6
suy ra

{xA+xB:xD C>{m—lz’s

Yat¥Ye =Yp YatYs =Yp
11 5 11 5 7 o
Suyram=4= A(l;EJ;B(Z;gj:E+§=§ thoa man YatYs = Yo

Vay m =4 1a gia tri can tim.

Bai 6. Tim m dé d6 thi ham s6 y =x*-3(m+1)x* +12mx—3m+4 c6 hai diém cyc tri la A B
sao cho hai diém nay cung voi diém C (—1;—%) lap thanh tam giac nhan géc toa d§ lam trong

tam.

Loi gidi :
Taco y'=3x"—6(m+1)x+12m

Ham s6 c6 cyc tri khi va chi khi phuong trinh y'=0 c6 hai nghiém phan biét
Tuong duong véi A'=(m+1)° —4m >0 m=1

Khi d6 toa do hai diém cyc tri la A(2;9m); B(2m;—4m° +12m* —3m+4)

Yéu cau bai toan twong dwong voi
2+2m-1=0

e - 9 Qm:—lthéamﬁn
9+-4m°+12m°-3m+4 E_O 2

1 e A
Vay m :_E la gia tri can tim

BAI TAP PE NGHI
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Tim m dé d6 thi ham sb y= X3 =3x% +mco cuc dai, cuc tiéu va cac diém cuc dai, cuc
tiéu cung voi géc toa do tao thanh mdt tam giac c6 dién tich béng 4.

Tim m dé d6 thi ham s6 y=x>-3mx’ +3(m2 —1) x—m®+mcéd cuc tri dong thoi cac
diém cuc tri cung voi géc toa do tao thanh mot tam gidc vuong tai O .

Goi A Bla cac diém cuc tri ciia dd thi ham sé y =%x3 —2x% +3x. Tim diém M thudc
truc hoanh sao cho dién tich tam giac MAB bang 2.

Tim m dé duong thing di qua cac diém cuc tri cia d6 thi ham s6 y = x* —3x*> —mx + 2tao
v&i hai truc toa d6 mét tam gidc vudng can.

Cho ham s6 y = x* —3(m+1)x* +3m(m+2)x—12m+8va diém M (3;2). Tim tat ca cc
gia tri ctia tham s6 m dé dd thi ham s c¢6 hai diém cuc tri A Bsao cho MA+ MBnho
nhét.

Tim m dé d6 thi ham s6 y = x®-3x —3(m2 —1) X+3m? +1c6 hai diém cuc trj A, Bcung

v6i diém C (2;1)tao thanh mdt tam gidc c6 dién tich bang 1.
MQT SO BAI TAP TONG HQP VE CUC TRI HAM SO

Cho ham s6 y=x*-3mx+1. Tim m @ d6 thi ham sb c6 hai diém cuc tri A, Bsao cho
dién tich tam gidc 1AB bang 4+/2, biét ring 1 (11).

Tim tat cac gia tri ciia tham s6 m dé d6 thi ham s y = x* —3x* —3m(m+1)x—1 ¢6 2 cuc
tri cung dau.

Tim m dé duong thang di qua 2 diém cuc trj cua do thi ham sé y = x* —3x* -1 cat duong

430
=

tron (T):x* +y® —4x—2y+m=0 theo mot day cung c6 do dai bing

Tim m > 0dé d6 thi ham sé y = x* —3mx® +4m?® ¢6 2 diém cuc tri va khoang céc tir diém
cuc tiéu dén duong thang d bang 2 lan khoang céch tir diém cuc dai t6i d, biét ring
d:y=x.
Ching minh rang véi moi gia tri caa m thi @6 thi ham sb y = x* —3x+m+11luén c6 hai
diém cyc tri, dong thoi duong thang ndi hai diém cyc tri tao voi truc hoanh mot géc
khong doi.

CAC BAI TOAN VE TIEP TUYEN
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Xét hai bai todn co ban -
Bai toan 1: Tiép tuyén tai mét diém.
Tiép tuyén vsi d6 thi ham sb y=f(X)tai diém M (x,; f(x))co dang la

d:iy=f"'(x)(x=%)+ f(x)
Bai toan 2: Tiép tuyén di qua mét diém.

Tiép tuyén voi dd thi ham s6 di qua diém M(x,;y,)c6 hé sé goc kco dang la
d:y=k(x=x)+Y,
f(X)=k(x=%)+ Y,

£100 = k ¢ nghiém, giai hé nay suy ra k. Tir d6 viét phuong trinh cua
X)=

Khi d6 hé {
tiép tuyén.

Bai toan 3 : Cho hai duong cong (C):y= f(x) va (d):y=g(x). Hay tim tat ca cac tiép tuyén

chung cua (d),(C).

Gia sir (A)la tiép tuyén chung cia (d),(C). Va (A)tiép xtc véi (C),(d)lan luot tai cac diém

co6 hoanh do X, X, .

Khi do

{(A): y=100)(x=x%)+ f(x)
(A) ‘Y=g I(Xz)(x_xz) + g(xz)
{f (%) =9'(x,)

tur do ta co hé phuong trinh

, ' giai hé nay ra nghiém x, X, .
f(Xl)—le (Xl):g(xz)_ng (Xz) 2

Tir d6 viét phuong trinh tiép tuyén chung: (A):y = f'(x)(x—%)+ f(x).

Mét sé kién thirc bé sung :

Hai duong thang (d,):y=kx+m va (d,):y =k, x+n

Khi do:
k, =k,

m#n

1. (dl)//(dz)c{

2. (d,) L(d,) < kk, =—1.

k. k|

3. GAc tao boi hai duong thiang nay 1a : tana = —>—2L,
1+ kk, |
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Luu v : Tai mot diem M thudc do thi ham sé thi cé thé ton tai tié’p tuyén tai diém hodc tié}?
tuyen di qua diém no, vi vay can xem ky dé bai yéu cau tim logi tiép tuyéen nao dé khong bo sot
tiép tuyén.

BAI TAP MAU

Dang toan : Viét phwong trinh tiép tuyén théa man mot sé diéu kién co ban

- T1ep tuyen tai diém thudc do thi ham sé.

- T1ep tuyen di qua mot diém A cho trude.

- Tiép tuyen song song(co cung hé sb goc), vudng goc( tich hé sb goc bang -1) hodc tao véi
mdt dudng thing cho trudc mot goc o .

Bai 1. Cho hamsb y _lp My +E(Cm) :
3 2 3
Goi M 14 diém c6 hoanh do bang —1thudc (C,,). Tim m dé tiép tuyén véi (C,,)tai M song song

vai duong thang 5x —y = 0.Viét phuong trinh tiép tuyén dé.

Lot qidi:

+ Hé s6 g6c cua duong thing 5x—y=0la k=5. Dé tiép tuyén tai M song song Véi
d:5x—y=0suyra y'(-)=m+1=5<m=4.Suyra y(-1) =-2.

Vay tiép tuyéncantim 1a A1y =5(x+1)-2< Ay =5x+3.

Vay tiép tuyén can tim 1a 5x—y+3=0.

Bai 2. Cho ham sb y:%x3 —2x*+3x(C).

Viét phuong trinh tiép tuyén Acua (C)tai diém udn va ching minh Ala tiép tuyén co hé s6 goc
nho nhét.

Loi gidi:
Taco y'=x"—4x+3va y"=2x—4=y"(X)=0< x=2. Suy ra diém M (2;%)1@1 diém ubn
cia (C). Ta c6 y'(2)=-1. Vay tiép tuyén ciia (C)tai diém uén c6 phuong trinh la
2 8
=—(X-2)+-& y=-X+—.
y=-(x-2)+z =y 3
He s6 goc tiép tuyén cua (C)tai diém bat ki la k = x> —4x+3=(x—2)2 ~1>-1.

Tir do suy ra dpem.
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Bai 3. Cho ham s6 y = x> —3x* +1(C).
Chirng minh réng trén (C)ton tai vo s6 cap diém ma ma hai tiép tuyén voi (C)tai ting cap diém
song song vai nhau.

Lo gidi:

Ta c6 y'=3x*—6x. Bai toan tro thanh chiing minh ton tai v6 sb s6 k dé phwong trinh
3x* —6x = k(*) c6 hai nghiém phan biét.

Xét phuong trinh (*), 0 A'=9+3k >0 < k > -3. Do d6 moi k > —3thi phuong trinh (*) ¢ 2
nghiém phan biét. Ta c6 dpcm.

Bai 4.Cho ham s6 y = x* —2x* +8x+5(C).
Ching minh rang khong ton tai tiép tuyén tai hai diém thudc do thi ham sé ma vudng géc Vvéi
nhau.

Loi gidi:

Taco y'=3x"—4x+8= S(X—ET +2—30 >0, VX(¥).

+ Gia st nguoc lai ton tai hai diém c6 hoanh do x,, X, thudc d6 thi ham sé sao cho tiép vai do thi
ham s6 tai hai diém d6 vudng goc voi nhau. Khi dé

Y'()Y'(%,) =—1< (37 —4x,+8)(3x,” —4x, +8) =—1, mau thun voi (*).

Vay ta c6 dpcm.

Bai 5.Cho ham s y = x*+(1-2m)x* +(2—m)x+m+2().
Tim mdé a6 thi ham sb (1) co tiép tuyén tao v6i duong thing d:x+y+7=0mdt goc

o,C0so=——.
V26
Loi gidi:

+ Goi hé s6 goc cua tiép tuyén 1a k suy ra tiép tuyén co véc to phap tuyén n, = (k;~1), véc to
phap tuyén cia d la n, = (L1).

Tu dosuyra:
nn;

<:>12k2—26k+12=0(:)k:gvk:§.

1 k-1
cosa = SN =
V26 [2(K? +1)
Khi d6 yéu cau bai toan thoa man khi va chi khi it nhat mot trong hai phuong trinh sau c6
nghiém

A
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y':g 3x2+2(1—2m)x+2—m:§
§© ;Cé nghiém
y'== |3x*+2(1-2m)x+2-m==
3 3
AY20  |8m*-2m-1>0 1 1
= = omz—vms——,
A,20 | 4m*-m-32>0 2 4
T N N 1 1
Vay gia tri can tim cua mla —oo;—Z v E;+oo :

Bai 6. Cho ham s6 y =%mx3 +(m=1)x* +(4-3m)x+1(C,, ). Tim c4c gia tri cia msao cho ton

tai duy nhat mot diém co hoanh d6 4m ma tiép tuyén tai d6 vudng goéc véi duong thing
X+2y-3=0.

Lot qidi:
+ Puong thing x+2y-3=0c¢6 hé sb goc bang —% nén tiép tuyén vuéng goc voi nd cé hé sb
g6c bang 2, khi d6 ta co
mx® +2(m—1)x+(4-3m) =2 < mx*+2(m—-1) x+(2-3m) = 0(*)
Khi d6 yéu cau bai toan théa man khi va chi khi phuong trinh (*) ¢ duy nhit mot nghiém am.
+Neu m=0= (*) & -2x+2=0< x=1(loai).
x=1
+Néum=0=(*) < 2-3m
X =

m
2_3m m<0

Vay (*) ¢6 duy nhat mot nghiém am khi va chi khi <0< 2 13 nhitng gid tri can
m J—
3

tim.

Bai 7. Cho ham sb y =2 (C).
X+2

Tim diém nhimg diém thudc d6 thi ham s6 (C) sao cho khoang cach tir giao diém hai duong
tiém can dén tiép tuyén vsi (C)tai diém do6 co khoang cach I6n nhét.

Loi gidi:
+ Giao diém hai duong tiém can 1(-2;2).
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+ Gia sir diém A(a;z—azj 1a diém can tim, khi d6 tiép tuyén voi (C)tai Ala
a+

2a 2
d:y= X—a)+—— < d:dx—(a+2) y+2a’=0
Tacs d(13d)———2t2 . 8R*2 5

16+ (a+2)' f24(ax2)
Déu bing xay ra khi va chi khi (a+2)' =16 < a=0va=-4
Vy c6 hai diém théa man A(0;0), A, (—4;4).

Bai 8. Tim tat ca cAc gia tri cia tham s§ m dé trén d6 thi ham s6
1 A . a7 . 3R , \ A A A :
y=3 mx® +(m—1)x* +(4—3m) x +1t6n tai dung hai diém c6 hoanh do dwong ma tiép tuyén tai

d6 vudng goc voi dudng thing x+2y—-3=0.

Loi gidi :
Taco y'=mx’+2(m-1)x+4-3m
3 . . 1 . .
Yéu cau bai toan tuong duong voi phuong trinh y'.(—Ej =—1c6 ding hai nghi¢m duong phan
biét
< mx® +2(m—-1)x+4—-3m=2c6 ding hai nghiém duong phén biét
< mx* +2(m—-1)x+2-3m=0c6 ding hai nghiém dwong phén biét

m=0
A'=4m*—4m+1>0 1
”(1 m) 0<m<§
<198 = ( >0 <
m 1 2
E<m<§
P:2_3m>0
m

Viay me (O;EJ U (lgj la gid tri can tim.
2 2 3

. .2 A g - % x* X £ . .
Bai 9. Tim diém A thudc do thi ham so y = ?—SX2 +g (C)sao cho tiep tuyeén voi (C) tai A

cit (C)tai hai diém phan biét B,C khac Asao cho AC =3AB (B ndm giita Ava C).

Loi gidi :
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: a* 5
Xét diém A(a,;—Saz +§j €(C)
Tiép tuyén voi (C)tai Acé phuong trinh 12 :
4
d:y =(2a3 —6a)(x—a)+a?—3a2 +g, khi d6 hoanh d¢ giao diém cua d va (C)la

(2a3—6a)(x—a)+a—4—3a2+§=x—4—3x2+§
2 2 2 2

& (x-a)’ (X’ +2ax+3a”~6) =0
Dé d N (C)tai hai diém phén biét khdc Athi phuong trinh : X* +2ax+3a’ —6 = 0c6 hai nghiém
phan biét khéac a.

{a2+2a2+3a2—6¢0 {—\/§<a<x/§
2= 2=

A'=6-2a°>0 azz+l

Khi d6 g0i B(Xg; Yg);C(Xc: Ve ), €0 AC =3AB (B nim giita A,C ) nén AC =3AB
& X, — 3%, =—2a, két hop vé6i dinh 1y vi-ét ta c6 hé

Xc —3Xz =—2a Xg =0

Xo + X, =—2a <% =-2a théa min diéu kién, suy ra c6 hai diém
X Xy =3a° —6 a=+2

A(—ﬁ;—gj; A, (\/5; —gj cAn tim.

Bai 10. Viét phuong trinh ti€p tuyen voi d6 thi ham so y = —i (C) tai diém Athudc (C), bict
X+

tiép tuyén cat truc hoanh tai B va tam gidc OAB vudng(O la gbc toa do).

e

Loi gidi:

Xét diem A(a—l;ij € (C) ,a#0. Tiép tuyén vdi do6 thi ham so tai diém A céd phuong trinh:
a

2 a+2
d:y=-—(x-a+l)+——
y=-( )=
A A s 2
Hé so goccua dla k =——

a
Tam giac OAB vudng nén chi ¢ thé vudng tai O hoic A.

Trudng hop 1: Tam gidc OAB vudng tai O = Athudc truc tung hay tiép diem A(0;3). Suy ra

tiép tuyén d, :y=-2x+3.
Truong hop 2: Tam gidc OAB vudng tai A
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a+2
a B _ a+2

Hé s goc cuia dudng thing OA:k, = =
F508 & thang * a-1-0 a(a-1)

A -2 a+2 a=-1
Vay kk, =_1®?'a(a—1) :—1<:>(a+1)(a—2)(a2 +2) :Oc{azz
Véia=-1=d,:y=-2x-5

1 5

Véia=2=d;:y=—=X+—
r 27 2
Vay tat ca co ba ti€p tuyén can tim la
5

d1 . y=—2X+3;d2 . y=—2X—5;d3 : yz_%)(_+_E

BAI TAP DE NGHI

1.1. Tim m dé khoang cach t diém M (%;1}6&% tiép tuyén cua d6 thi ham sb

y=x"—2mx*+m (C) tai diém A c6 hoanh d bang 1 thuoc (C) dat gié tri 16n nhét.
Pap s6: m=1.

1.2.  Ching minh rdng d6 thi ham s6 y=-x*+2mx*—2m+1 (C)ludn di qua hai diém cé
dinh A, B v6i moi m. Tim m d€ tiép tuyén v6i (C)tai Ava B vudng goc véi nhau.

1.3, Tim m d trén d6 thi ham s6 y=x*—(m +1)x* +(4m+2) x +1tdn tai dung mot diém ma
tiép tuyén tai diém d6 vudng goc voi duong thing x+10y+30=0.
Dap so6: m=5.

1.4.  Duong thing y=3-xcit d0 thi ham s6 y=x*-3x*+mx+4-m (C)tai A. Tim m dé
tiép tuyén véi (C)tai Acdt (C)tai diém Bkhac Athda min tam gidc AIBvudng, véi
1(L2).

Dang toin : Tiép tuyén cing véi hai truc toa df tao thanh tam giac

Bai 1. Cho hams6 y = x*—mx+1-m(C,).
Tim mdé tiép tuyén véi (C,, )tai giao diém cua (C,, )véi truc tung, tao véi hai truc toa do mot
tam giac c6 dién tich bang 8.

. .

Lol gidi:
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+ Toa d0 giao diém M cua (C,,)véi truc tung la nghiém cua hé
X:0 Z z . .
, = M (0;1-m)= y'(0)=—m. Vay phuong trinh tip tuyén voi (C,)tai
y=X -mx+1l-m
diém Mla: d:y=—mx+1-m. Khi d6 dcit cac truc toa do tai cac diém
1-m A 3 . .
M (0;1-m),N (—;Oj. Y&u cau bai toan tuong duong véi
m

m:9i4\/§
Mm=-7+43

Somn _20|v| ON =8 [1- m|

=16 < (1-m)’ =16|m| <

Vay c6 4 gia tri caa m nhu trén théa man dé bai.

Bai 2.Cho ham s y =2 (C).
2X+3

Viét phuong trinh tiép tuyén véi (C)biét rang tiép tuyén cat truc hoanh tai A, truc tung tai B
sao cho OAB la tam gi4c vudng can, & day O la gdc toa do.

Loi gidi:

z 1 _1 N Lt A A Ja - A A -7z A A A 4 A
Tacd y'=————. Vitiep tuyen tao voi hai truc toa d mot tam giac vudng can nén tiép tuyen
(2x+3

song song voi dudng thang y = £x. Vay hé s6 géc cua tiép tuyén bang +1.
X, =—1
Suy ra —;2=i1<:> °
(2X0 +3) Xy = -2
+Khi X, =-2=y(-2) =0, laic do tiép tuyénla d 1y =—(x+2) & d:y=—x-2.
+ Khi x,=-1= y(-1) =1, luc d6 tiép tuyén la y=—x, khdng cat cac truc toa d¢ tai hai diém

nén loai.
Vay tiep tuyéncantimla d:y=-x-2.

Bai 3. Cho ham sb y ==X (C).
X+1
Tim diém M thugc (C)sao cho tiép tuyén tai M cua (C)cat Ox,Oy lan luot tai A Bsao cho

dién tich tam giac OAB bang % , & day O 1a gbc toa do.

Loi gidi:
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e (C)1la diém can tim. Khi d6 tiép tuyén cua (C)tai M c6 phuong trinh la:

2
(Xx=%,)+ 2%, odiy= 2 X+ 2%,

(x0+1)2 X, +1 (% +1)2 (x0+1)2

. ). 2%
Tur do suy ra A(—X0 ,0),B O’W .
X, +

RN
=3 X0=_£

2

Taco Spu = ;OAOB _%@ OAOB == @

xo+1)
+Voi x, =1= M, (L1).

+ Vi X, :—%: MZ(—%;—ZJ.

Vy c6 hai diém M, (L1), M, (—%;—2) can tim.

Bai 4. Viét phuong trinh tiép tuyén v6i d6 thi ham sé y = x® — x® +1biét tip tuyén cit cac truc
toa do tai A, Bsao cho tam gidc OAB can tai O ( v6i O 1a gbe toa do).

Loi gidi :
Phuong trinh tiép tuyén tai diém M (xo; X,2 = X, + 1) thudc do thi ham sb
= (3% = 2% ) (X=%)+ %’ =%’ +1

3 2
Khi d6 giao diém cua dvéi Oxla Al 2% Lol o didm cia dvéi Oyla
3X,” —2X,
B(0;-2x,° +%,> +1).
Tam giac OAB can tai O nén OA = 0B

2X03_X02

s M M

3%, — 2%, ‘ %'+ % +1‘

2Xo _Xo B 3 2
L e NS _
2%, = %,° —1 - Xo = L
P —% T _oy3_y2_9q T3
3X02_ XO XO

Véi x, =1= A=B =0 = loai truong hop nay.
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Vi X, ——gta co tiép tuyén d @y =x+—.
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32
27

Bai 5. Tim tit ca cac gid trj ciia tham s6 m dé tiép tuyén tai diém c6 hoanh do bang 1 cua db thi

o = a1y 3
hamso y = x® —3x%+m tao voi hai truc toa do mot tam giac co dién tich bang PR

Loi gidi :

1.1.

1.2.

1.3.

1.4.

Tiép tuyén tai diém c6 hoanh d6 bang 1 1a d 1y =-3x+m+2.
Khi dé d cit Ox tai A(mT”;ojva cat Oy tai B(0;m+2)

1im+2 m=1
Viy Sgup = = [ S |m+ 2| e (m+2) —9<:{m_ :
BAI TAP DE NGHI

£ X . I S U £ 2x=1 .. £ T .
Viét phuong trinh tiép tuyén dén do thi ham s y = il biét rang tiép tuye€n nay tao voi
X+
hai truc toa d6 mdt tam gidc can.

.4 X . L af 2N 1 qs £ X=1 .. .4 £ L
Viét phuong trinh tiép tuyén dén do thi ham sd y = 1 bict rang ti€p tuyen nay tao voi
X+
. A TP |
hai truc toa d6 mdt tam gidc c6 dién tich bang E

Viét phuong trinh tiép tuyén dén d6 thi ham s y = biét rang tiép tuyén tao voi

x—-1
2(x+1)
hai truc toa mdt tam gidc c6 trong tam nam trén duong théng 4x+y=0.

; X i ‘ 4 1 ..
Tim m d¢ ti€p tuyén cua do thi ham so y = 3 x° —(2m +1) X2 +(m + 2) X+§ tai giao diém

A . \ A yoe 7. . A A .7 r LN , N 1
do6 thi ham s6 véi tryc tung tao voi hai truc toa do mot tam giac ¢6 dién tich bang § .

Dang toan : So tiép tuyén di qua mot diém dén do6 thi ham sb

Viét phuong trinh tiép tuyén di qua mot diém cho trude dén d6 thi ham s.
Tim nhing diém trén mat phing toa do ké duoc mot, hai, ba hodc khong co tiép tuyén

nio di qua dén dd thi ham so.
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Bai 1. Cho ham so y = 4x* —6x* +1(C).
Viét phuong trinh tiép tuyén voi (C)biét tiép tuyén di qua diém M (-1 -9).

Lo gidi:
+ Phuong trinh tiép tuyén véi (C)di qua diém M (-1,-9)co he s goc k la d:y=k(x+1)-9,
goi x la hoanh d¢ tiep di€m, khi d6 ta c6 hé
4%° —6x* +1=k(x+1)-9(2)
{12x2 —12x=k(2)
Thay (2) vao (1) ta duoc: 4x* +3x*—6x-5=0
& (x+1)*(4x-5) =0 x:—lvx=%

+Véi x=—-1= k = 24 = phuong trinh tiép tuyén 1 d : y = 24x +15.
+ Vo x:%: k =%:>phu:0ng trinh tiép tuyén la d : y :%x—%.

Vay hai tiép tuyén can tim 14 d, : 24x—y+15=0va d, :15x-4y-21=0.

Bai 2. Cho ham sb y:%x4 -3x° +%(C).

Viét phuong trinh tiép tuyén voi (C)biét ring tiép tuyén di qua diém M (Og]

Lo gidi:
+ Phuong trinh tiép tuyén véi (C)di qua diém M (0;%) cohésdbgoc klad:y= kx+g, goi x la

hoanh d6 tiép diém, khi d6 ta co hé

1y ~3x* 3 kx+§(1)
2 2 2
2x° —3x=k(2)

Thay (2) vao (1) ta dugc:

xz(x2—2)=0<:>x:0vx:i\/§.

+V6i x = 0= k = 0= phuong trinh tiép tuyén 1a d : y:g.

+Vé6i x=~/2 = k =/2 = phuong trinh tiép tuyén 1a d : y=\/§x+g.

+V6i x=—/2 = k = —/2 = phuong trinh tiép tuyén 1a d 1y = —\/§x+g.

75



|2 Y AW ] 4
AU

| CHINH PHUC

TOANTU A-Z

Bai 3. Viét phuong trinh tiép tuyén vai d6 thi ham sé
y =|x =3|x|+2(C) ké tu diém A(0;2).

Loi gidi:

+ Nhan thiy A(0;2)e(C).

+ Xeét tiép tuyén véi (C)tai A, taco
-3(x—>0")

)= f0) . X,
lim—2——— = lim&(x2-3)=
im im (x ) :3(x—>0’)

x—0 X—0 x—>0 X

—=khodng tén tai y'(0). Vay khong co tiép

tuyén véi (C)tai A.
+ Xét tiép tuyén cd hé s6 goc k di qua Aco phuong trinh 1a d:y =kx+2
Do (C)ddi xing qua tryc tung nén chi can xét trén khoang (0;+w), khi d6 y=x>-3x+2vata

=3+ 2=kx+2
cO hé c6 nghiém

3x*-3=Kk

He¢ nay v6 nghiém trén (0;+w0). Vay khdng c6 tiép tuyén nao cua (C) diqua A.
Két luan: Khong co tiép tuyén nao ke tir Adén (C).

Bai 4. Cho hams6 y = x*-3x+2(C).
Tim diém M trén (C)sao cho chi c6 mot tiép tuyén véi (C)diqua M .

Loi gidi:
Gia sir diém M (x;%,° =3%,+2)€(C). Phuong trinh tiép tuyén voi (C)di qua M c6 dang
y =K(X—X%,)+X%’ —3% +2, khi do ta co hé

X =3x+2=k(X=X))+X%’ 3% +2(1)
{3x2 ~3=k(2)

Thay (2) vao (1) ta dugc:

2x¢ =3 X% + %2 =0 (x =% )" (2x+ %) = 0(*)

Yéu ciu bai toan tuong dwong véi phuong trinh  (*) c6 nghiém duy nhat

x0<:>_TX°=XO<:>XO=0:>M(O;2).

Bai 5. Tim c4c diém trén truc hoanh sao cho tir d6 vé duoc ba tiép tuyén dén do thi (C) cua ham

s6 y =x+3x2, trong d6 c6 hai tiép tuyén vudbng gdc véi nhau.

76




|2 Y AW ] 4
AU

| CHINH PHUC

TOANTU A-Z

Lol gidi:
Gia stt M (x,;0)1a diém can tim, khi dé tiép tuyén véi (C)diqua M codang la d:y =k (x—x,)
, khi do6 ta co hé
x°+3x% =k(x—%,) (@)
{i%x2 +6x=k(2)
Thay (2) vao (1) ta dugc:
2X° +3(1—- %, ) X* —6x%, = 0 < x = 0hoac 2x* + 3(1— X, ) X —6X, = 0(*)
Kihiéu, g(x) =2x*+3(1—X,)x—6X,
Tir M ké duoc 3 tiép tuyén dén (C)khi va chi khi phuong trinh (*) c6 hai nghiém phan biét,
khéc khong.
X, <—3

{A:9x02+30xo+9>0 0

< 1
g(0)=-6x,#0 —§<x0¢0

Tai diém M (0;0) tiép tuyén véi dd thi ham sé chinh la truc hoanh, d& thdy khong c6 tiép tuyén
ndo vudng goéc Voi tiép tuyén nay.Khi d6 yéu cau bai toan tré thanh tiép tuyén véi @6 thi ham sb
tai cac diém c6 hoanh do x, X, (X, X, Ia nghi¢m cua (*)) vudng goc véi nhau.

Hé sb goc cua cac tiép tuyén nay 1a k, = 3x2 +6x;k, = 3x,% +6X,

Yéu cau bai toan thoa man Khi va chi Khi
kk, = =1 (3% +6% )(3x,° +6%,) = 1> 9(%,X,)” +18%,X, (X, +X,) +36X,%, = —1(2) Theo

sinh I Vicét ta c6: C3(%-D). s
inh li Vi-ét ta co: x, +X, —T,xlx2 = —3X,, khi do (2) tr¢ thanh

—27%, +1=0 < X, =% =M (%;oj 1a diém duy nhét can tim.

Bai 6. Cho ham s y =XLi(C). Tim nhiing diém trén truc tung ké duoc hai tiép tuyén dén

(C)sao cho hai tiép diém nam vé hai phia véi truc hoanh.

Lo gidi:
+ Gia sir A(0;a)la diém can tim, duong thang di qua Avéihé s6 goc k1a d 1y =kx+a.
iz:kx+a
x-1

-3 : "
(x=1)
< PT:(1-a)x*+2(a+2)x—(a+2)=0(*)cé nghiém x =1.
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Ki higu: g(x)=(1-a)x*+2(a+2)x—(a+2), tr Aké duoc hai tiép tuyén dén (C)khi va chi
khi phuong trinh (*) ¢d 2 nghi¢m phan biét x;, x, , khac 1.

1-a#0
= A':3a+6>0<:>—£<a¢l(l).

g@)=3=0

. Dé hai tiép diém nam vé hai phia vai truc hoanh khi

Khi do ta co y, :1+i1,y2 =1+

2
2 4
vachikhi y,y, <0< |1+ 3 1+—3_ <o XXt (5 +x) + <0(2)
x -1 X, -1 XX, — (% +%,)+1

2(a+2
( 1);X1X2 a*i khi d6 (2) tré thanh
a_

Theo dinh i Vi-ét ta cd: X, + X, =
2 A e 2 A . 2
3a+2>0<:>a>—§. Keét hop vai dieu kién (1) suy ra —§<a¢1.

Vay nhirng di€ém trén truc tung c6 hoanh d6 x thoa man _§ < X #1théa mén diéu kién bai toan.

BAI TAP DE NGHI

93
2'2
tham sb m dé tir Aké duoc hai tiép tuyén AM, AN dén (C)( M,N1a cac tiép diém) sao

X”; (C)va hai diém A(4;2); B(

1.1. Cho ham s y= j Tim tat ca cac gia tri cia

cho ban kinh dudng tron ngoai tiép tam giac BMN bang J5.
1.2.

Dang toan: Tiép tuyén cit hai dwong tiém cin

Bai 1. Cho ham sb y :ZX—_ZB(C). Tim nhitng diém trén (C)sao cho tiép tuyén véi (C)tai diém

d6 cét hai tiém can cia (C)tai hai diém A, Bsao cho do dai ABnhé nhat.

Lo gidi:
+ Gia str diem M (m;2+ 2)1@1 diém can tim, khi d6 tiép tuyén véi (C)tai M co phuong
m_
N 1
trinh la: d:y=- ~(X—m)+2+
(m-2) m-2
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+ Giao diém cua d véi tiém can dung la A(Z;Z + m2 2).

+ Giao diém cua d véi tiém can ngang la B(2m-2;2).

TacéABZ:4{(m—2)2+ 1 2]28\/(m—2)2. L __s

(m-2)

. =1
Déu bang xay ra khi va chi khi (m-2)° = ( 12)2 = {m
m_

Vy c6 hai diém can tim 1a M, (1), M, (3;3).

2x—-1

x—l(C)

Tim trén (C ) nhimg diém ma tiép tuyén vei (C ) tai diém d6 cét cac dwong tiém can cia (C ) tai

Bai 2. Cho hamsb y =

A, B sao cho tam giac |AB c6 chu vi nho nhat( | 1a giao diém cua hai duong tiém can ham sd).

Loi gidi:

+ Gia st diém M( je(C)la‘l diém can tim, toa do 1(1;2).

m-1
+ Phuong trinh tiép tuyén véi (C)tai M Ia d :y:m(x m)+2+%

+ Toa do giao diém cua d véi cac tiém can cua (C) la A(l; 2+ ilj B(2m-1;2)
m —

+ Tam giac |AB vuong tai | ,tacé IA—| 6 | 1B = 2|m ﬂ:IAIB 12.
m_

Chu vi tam giac 1AB bing :

p=IA+IB+VIA? +IB? > 2\/IAIB +~/21AIB =4/3 + 2./6

Ping thirc xay ra khi va chi khi 1A= 1B < (m-1)° =3 m=1£/3.

Vay c6 hai diém M, (1+/3;2++/3),M, (1-+/3;2-/3) cintim.

BAI TAP PE NGHI
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1.1.  Tim tit ca cac gia tri cia tham sb m dé tiép tuyén cia dd thi ham s
y =X +3mx® +(m+1) X+ 1tai diém c6 hoanh do X = —1di qua diém A(1;2).

1.2.  Tim tit ca cc gia tri cua tham s6 m dé tiép tuyén co hé s6 goc nho nhét cua do thi ham sé

. 55
y=x>—2x*+(m—2)X+3m di qua diém A(l;_ﬁj'

1.3.  Tim tit ca cac gia tri cia tham s6 m dé tiép tuyén tai hai diém cd dinh thudc do thi ham
s6 Y =—x*+2mx® — 2m + 1vudng goc véi nhau.

14. Chohamsé y=x>—3x*+1 (C) Tim hai diém A, B thuoc (C)sao cho tiép tuyén
Voi (C)tai A, B song song véi nhau va AB = 4\/5 :

1.5.  Tim m dé tiép tuyén cua dd thi ham sé Y = X* — mx + M —1tai diém c6 hoanh do bing

. . 2 2 1 e Lk
1 cat duong tron (C) : (X — 2) + ( y— 3) = 3 theo mot diy cung c6 d6 dai nho nhat.

1.6.  Tim c4c gié tri thuc cua tham s6 Mdé tur diém M (1, 2) ké duoc hai tiép tuyén dén do thi
hamsé ¥ =X° —2x* +(m—1)x+2m.

1.7.  Tim tit ca cac gia tri cua k dé ton tai hai tiép tuyén phan biét véi @6 thi ham sb
y =X +6x*+ 9% +3cb cing hé sé goc K , sao cho duong thing di qua céc tiép diém
cua hai tiép tuyén cit cac truc toa @6 OX, Oy lan luot tai A, B thoa midn OA=20120B

1.8.  Tim m dé tiép tuyén cua dd thi ham sb y =x®—mx+m—1tai diém c6 hoanh do

’ 2 2 .
X, = —1cat duong tron (C) : (X — 2) + ( y— 3) = 4 theo mot day cung co do dai nho
nhét. o , ’ , ‘ ’

19. Tim m dé tiep tuyén c6 hé s6 goéc nhéo nhat cua d6 thi ham so

. 55
(Ch):y= X3 —2x? +(M—2)x+3m di qua diém A(l’_ﬁj'
1.10. Tim tit ca cac gia tri cua tham s6 mdé trén dd thi ham sb
m 2 2
(Cp)iy= 3x3 +(m—1)x* +(4—-3m)X tdn tai ding hai diém co hoanh do duong
e £ . TR ~ , , - \ 2 3
sao cho tiep tuyen cua do thi tai d6 vudng goéc voi duong thang Y = _E X+ E :

1.11. Tim nhitng diém trén truc hoanh ké dwoc ba tiép tuyén dén do thi ham s
(C):y=—X"+3x+2.

Tuwong tu :
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1.16.

1.17.

Sl CHINH PHUC

Y TOANTUVA-Z |

Tim tit ca cac diém trén truc hoanh ké dugc 3 tiép tuyén dén d6 thi ham sé
(C) 1y = X2 +3X° biét c6 hai tiép tuyén vudng géc vai nhau.

Tim trén duong thang Yy =2cac diém ké duoc ba tiép tuyén dén d6 thi ham s
y=x>-3x(C).

Cho ham sb y=3x—X° (C) Tim trén duong thing Y = —X cac diém ma tir d6 ké
duore ding 2 tiép tuyén phan biét dén (C).

Cho hamsé Y =—X>+3x* -2 (C) . Tim nhiing diém thuoc duong thang Yy = 2ma tir
do ke duoc 3 tiép tuyén phan biét dén (C).

Cho ham sb y=X"—-2x*+1 (C) Tim nhitng diém trén truc hoanh ké duoc 3 tiép
tuyén phan biét dén (C)

Tim nhitng diém trén truc tung ké dwoc ba tiép tuyén dén dd thi ham s
(C):ry=x*=x*+1.

Tim hai diém A, B phan biét thuoc do thi ham sé (C): y =Xx*—3X+2 sao cho tiép
tuyén tai A, B song song voi nhau va dudng thiang di qua hai diém d6 vudng goc véi
duong thang X+ y+2012=0.

Cho ham s6 Y =X° —2011x(C). Tiép tuyén cua (C )tai diém M, ( c6 hoanh d6 bing
¥, =1) cit (C) tai diém M, = M, tiép theo tiép tuyén cua (C)tai M, cit (C) &
diém M, #M, va ci nhu vay tiép tuyén caa (C)tai M, cit (C) & diém
M,#M_,(3<neN). Gia sr diém M (x,y,), hdy tim ndé
2011x, +y, =2%%.
Chang minh ring db thi ham s6 (C,,): y=—X" +2mx* —2m+1 luon di qua hai diém
cb dinh. Tim m dé tiép tuyén tai hai diém cb dinh d6 vudng goc véi nhau.
Cho ham s6 y = x*—2x*(C). Trén (C)I4y hai diém A, B c6 hoanh d¢ twong tng Ia
a,b. Tim diéu kién cua a va b sao cho tiép tuyén vei (C )tai A, B song song véi nhau.
: 1 5 , , ,
Tim diém Ae(C):y :EX4 —3x? +E sao cho tiép tuyén cia (C)tai Acat (C)tai
hai diém phan biét B,C khac Asao cho AC =3AB( B nim giita A,C).
. . . . . 2X - .
Viet phuong trinh tiep tuyen cia do thi ham so y :—2 (C)biét tiep tuyen cat truc
X —
hoanh, tryc tung lan luot tai hai diém M, N sao cho MN = OM J2 vsi O1a géc toa
do.
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Viét phuong trinh tiép tuyén véi dd thi ham s6 y =—— (C)biét tiép tuyén cét céc

truc toa do tai A, B sao cho ban kinh duong tron noi tiép tam giac OAB Ién nhét.
2mx + 3

X—m (
cua (C,, ) cat hai duong tiem can cia (C,, )tai A, Bsao cho tam gidc 1AB c6 dién tich
biang 64( | 1a giao diém cua hai duong tiém can).

Cho ham s6 y = Cm). Tim nhitng gia tri thuc cua tham s Mdé tiép tuyén

X

1 (C) biét tiép tuyén tao vsi hai
X —

Viét phuong trinh tiép tuyén voi do thi ham s6 y =

duong tiém can mot giac c6 chu vi bang 4 + 2\/5 .

- < - X 4 . 2 A TR K X =X - A A < -
Viet phuong trinh tiep tuyen véi do thi hamso y = —1 (C) biet tiep tuyen cat hai truc
X —

toa do tai A, B sao cho duong trung trec cia AB di qua gdc toa do.

2X+1

Tim trén @6 thi ham s§ y = hai diém A, B phan biét sao cho tiép tuyén tai hai

diém c6 song song voi nhau va d6 dai doan AB Ion nht.
Tim gia tri nhé nhat cua tham s6 mMdé ton tai it nhat mot diém thuéc @6 thi ham

. X+1 . o L L
SO (C): y= ﬁ biét tiep tuyen tai diém so tao véi hai truc toa d6 mot tam giac co
X —

trong tdm nam trén duong thang y =2m —1.

~ A - , ” X . \ K 2X + 1 . R = A
Tim trén hai nhanh cia dé thi ham sé (C):y = . hai diém M, N sao cho tiép
X —
tuyén tai hai diém d6 cit cac dudng tiém can tao thanh mot hinh thang.

2x—1
x—1
duong tiém can. tiép tuyén tai M cét hai duong tiém can tai A, B.
Ching minh M 1a trung diémcua AB.

Chuang minh dién tich tam giac 1AB khong doi.

Tim m d@é chu vi tam gi4c 1AB nho nhit.

Chohamsé (C):y = va diém M bét ky thuoc (C ), goi | 1a giao diém cua hai

tai diém thudc dd thi ma co

Lap phuong trinh tiép tuyén cia do thi ham s6 y = 1
X+

khoang cach dén duong thang 3X + 4y — 2 =0bang 2.
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2X—3

Cho ham s6 y =

(C). Goi | la giao diém cua hai duong tiém can caa (C).
X —

Tim trén (C ) nhing diém ma tiép tuyén véi (C ) tai diém do cét cac duong tiém can cia
(C)tai A, B sao cho ban kinh dudng tron ngoai tiép tam giac 1AB nho nhat.
. X+1 . . . .
Cho hamso Yy = 1 (C) Tim trén (C)nhﬁ:ng diém ma tiép tuyéen voi (C)tai diém
X —
do cat cac duong tiém can cua (C)tai hai diém A, Bsao cho ban kinh duong tron noi
tiép tam gidc 1AB Ion nhét( | 1a giao diém hai dudng tiém can cia (C)).
. X+3 . . . . .
Cho ham so6 Y :—1 (C) Chung minh rang tiép tuyen vai (C)tai diém M bat ky
X —
trén (C) lubn cét cac dudng tiém can cua (C)tai hai diém A,Bva M 1a trung diém cua
AB.
X+ 2

Cho ham s y =1 (C) Ching minh rang moi tiép tuyén cua (C)tai diém bat ky
X —

thuoc (C) lubn tao vai hai duong tiém can mot tam gidc co dién tich khong ddi.
X+ 2

Cho ham sb Yy =1 (C). Goi d Ia mot tiép tuyén bat ky caa (C), | 1a giao diém
X_

cua hai duong tiém can . Viét phuong trinh duong thang d biét khoang cach tir | dén d
12 16n nhat.

. X+1 . P y
Cho ham so Yy :—1 (C) Tim nhirng di€m trén truc tung nhiing diem ké duoc duy
X_
nhat mot tiép tuyén dén (C).
o 2X +1 . o C e g .
Cho ham so y = 1 (C) Viét phuong trinh tiép tuyen voi (C)blét tiep tuyen do
X+
cach déu hai diém A(2;4),B(—4,-2).
\ X 2X _3 e ~ - X 4 . - X = A
Cho ham s6 y = > (C) Viét phuong trinh tiép tuyen tai diem M e (C) bict
X —

rang tiép tuyén dé cit cac tiém can ding, tiém can ngang lan luot tai A, B sao cho cosin
z e M 4 , = \ . R . \ A A
géc ABI bang —, voi | 1a giao diém hai dudng tiém can.
V17
A \ e Je rr 4A L1t 1n A X—2 - X z . \
Viét phuong trinh tiép tuyen d véi do thi ham so Y = i1 (C), biet d cat hai duong
X+
tiém cn cua (C) tai A,B.
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Dién tich tam giac |AB 16n nhit( voi | 13 giao diém cua hai dudng tiém cén).

Do dai doan thing AB = 2\/E.

1.36. Viét phuong trinh tiép tuyén voi d6 thi ham s6 y = biét tiép tuyén cach déu hai

X+1
diém A(2;4)va B(-4;-2).

1.37.  Viét phuong trinh tiép tuyén v&i d6 thi ham sb y = , biét tiép tuyén cat cac truc

2X+3
toa 40 OX, Oy lan luot tai A, B sao cho trung truc cia AB di qua gdc toa do.

CAC PIEM PAC BIET THUQC PO THI HAM SO

Xdc dinh cdc diém thuéc dé thi ham sé cé tinh chat dic biét:

Luuy:

- Tam dbi xtng cua ham bac ba 1a diém udn, tim ddi ximg ciia ham phan thirc 14 giao diém
cua hai duong ti€ém can.

Cac bai toan:

- Tim diém cd dinh thudc dd thi ham s6 hodc quy tich céac diém c6 dinh.

- Tim nhitng diém thudc dd thi ham sé sao cho ching ddi ximg qua mét diém hodc qua
mot dudng thing cho trude.

- Tim diém thudc d6 thi ham sb ¢o téng khoang cach dén hai tiém can hodc dén hai truc toa
do 1 nho nhét.

- Tim diém thudc hai nhanh cia d6 thi ham sb sao cho khoang cach giira chung nho nhét.

- Tim nhirng diém cé toa d6 nguyén thudc do thi ham sd( v6i ham phan thirc).

- Chirng minh rang d6 thi ham s6 ludn tiép xtc v6i mot duong thang ¢b dinh.

BAI TAP MAU

, 1 11 . ,
Bai 1. Cho hamso y = —§X3 + X2 +3X —E(C). Tim trén (C)hai diém phan biét M, N doi

xung véi nhau qua truc tung.

Lol gidi:

+ gia st diém M (X;;Y,),N(X,;¥,)€(C). Khi d6 M, N déi xing véi nhau qua truc tung
khi va chi khi
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=N =N
{yl =Y, —%x13+x12 +3x1—%:—%x23+x22 +3X, —%1 {xz :—3\/{x2 =3

vay c6 hai diém cantimla M (3%) N (—3;%).

. 1 5 .
Bai 2. Cho ham sé y = EX4 —3x° +§(C). Lap phuong trinh duong cong (C')ddi xang véi

(C)qua diém | (0; 2) :

Lo1i gidi:
Lay diém M (x;y)e(C) = yzéx4 —3x2+g (i)

thay vao (i) ta duogc

2 4 A X
piém M '(x";y')déi xang véi M qua diém 1(0;2)nén {y_4_ y

1 5 1 3
4-y'==x"-3x"+=-=y'=—=x"+3x*+=(C"
y 2 2 y 2 2( )

Bai 3. Cho ham s y =X’ —3x* +3mx+3m+4(C,). Tim m dé (C,, ) nhan diém 1(L2)

lam tam ddi xirng.

Loi gidi:
, 1 2 n n X :1
Taco Y'=3X"-6X+3M=y"=6x-6=y"=0<
y=6m-+2
Diém uén cua dé thi ham s6 1a tam ddi xang U (1,6m + 2)
Yéu cau bai toan twong duong véi 6m + 2 = 2 <> m = 01a gia tri can tim.

Bai 4. Cho ham sé y=(m+2)x3 —3(m—2)x+m+7(Cm). Ching minh rang véi moi m

duong cong (C,, ) luén di qua 3 diém ¢ dinh thugc mot dwong thang.

Lo gidi:
Goi M (Xy; Y, )1a diém cé dinh thuge duang cong (C,, ). Khi do ta o
Yo =(M+2)%° —=3(M—2)%,+m+7,Ym
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& m(x,’ —3%, +1)+2%,> +6X,+ 7y, =0,vm
X,o —3%, +1=0 X, — 3%, +1=0(1)
& &
2% +6X, +7—Y, =0 | Y, =2(3%,—1)+6x,+7=12x, +5(2)
Xét hamsé f(X) = x* —3x+1lién tyc trén R
Taco f(0)=1>0;f(1)=-3<0; lim f(x)=+o0; lim f(x)=—-o0

tir d6 suy ra phuong trinh (1) luén cé 3 nghiém phan biét.
Va tir (2) suy ra ca 3 nghiém nay déu thugc duong thang y =12X+5. Ta co dpem.

Bai 5. Tim hai diém trén d6 thi ham s Yy = —X° + 3X + 2 d6i xtng nhau qua diém M (—1; 3)

Loi giai:
Gia st diem A(X;Y,)e€(C), diém Bddi xung véi Aqua M (-13) nén
B(_Z_Xo;G_yo)
Nhung do A,B E(C)nén:
Y, =X +3%,+2 {XO =1
3 e
6y, =—(—2-%,) +3(-2—X,)+2
Vay A(—l; 0) va B (—1, 6) 12 hai diém cin tim.

= A(-1,0);B(-16)

Bai 6. Tim trén do thi ham s6 y=-X’+3X+2 hai diém ddi xing qua dudong thiang
d:2x-y+2=0.

Loi gidi:
Gia su hai diém M (X1; yl); N (XZ; yz)thu(f)c d6 thi ham s6 dbi xtmg nhau qua dudng thing
d:2x-y+2=0.

. I
Khi d6 trung diém | cia MN ciing thudc d : ( 2 2
MN Ld

><1+x2.yl+yzjed

(%,—%)+2(y,—Vy,)=0

SVt X +3% +2+ X" +3X, +2 _p XX,
. 2 2 2
(7(% = %)= 2(% =% ) (X + XX, +%7) =0

(X, +x1)3+3xlx2(x2 +% ) +3(X, + %) =2(X, + X,)
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2 . 1 7 1\[
X7+ XX, + X} =— 4 |L 2
2 _|* \E T2
= X +X1:0 =) 7:> 1
X2 — XX, + X} =1 X:_J: _J_
Vaycohaldlemcantlmlal\/l(f 2——\/7j [ \/7 \/7)

3Xx—-4

Bai 7. Tim nhitng diém thuge d thj ham sé y = (C) cach déu hai duong tiém can cta

dd thi ham sd.

Loi gidi:

Gia str diém M( 3XX ;je(C),Véy M cach déu hai dudng tiém can cua (C)khi va chi
khi:
—li——x 2
_ 9 =1 M (11
|x—2|:3X4‘|x2| sz T T X MY
x-2 X x=4 M (4;6)
X2 o

Vay c6 hai diém can tim M, (1;1) M, (4; 6) .

Bai 8. Tim nhitng diém thudc db thi ham s y =

2. ich du hai diém A(2;0);B(0;2).
2x-1

Loi giai:

Phuong trinh dudng trung truc cia ABla d:y =X

Khi d6 diém M thudc d6 thi ham sé cach déu hai diém A, B co toa d6 1a nghiém cua phuong
trinh:

X+ 2 1% f y_liﬁ

=X 2X'-2x-2=0<

2x—1 2
. 1++5 1+4/5 1-45.1-+5
Vay c6 hai diém thoa man 1a M, \/— X \/— M, \/_ X \/_
2 2 2 2
N ~ < R A A . 4 2X 4 < - R
Bai 9. Tim nhitng diém thudc do6 thi ham s6 Yy = —1 (C) sao cho tong khoang cach tur diém
X+

d6 dén hai duong tiém can cia (C) 12 nho nhit.

Loi gidi:
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2X,

X, +1

Gia sir diém M (XO; ] € (C) , khi d6 tong khoang cach tir M dén hai dudng tiém can cua

(C)Ia:

2X 2 2
%, +1]+ " +°1—2‘:|x0+]l+ — 22\/|x0+]4. —l =22
Dau bang xay ra khi va chi khi
__ M (-1++/2;2-+2
|x0+1|:x+1<:>(x0+1)2:2<:> % 1+\/§<:> ( )
o o =1Z | M(-1-VZ-2+2)

Viy ¢6 hai diém cdn tim1a M (=1++/2:2-v/2):M (-1-~/2:—2 ++/2
1 2

Bai 10. Tim nhiing diém thudc dd thi ham s y = sao cho khoang cach tir diém | (—1;2)

X+1
dén tiép tuyén v6i dd thi ham s6 tai diém do dat gia tri 1on nhét.

e

Loi gidi:
2X,

X, +1

Gid st diém M (xo; ]E(C), phuong trinh tiép tuyén voi dd thi ham sé tai M Ia:

2 2X 2
Aty=—20 (x- S o 2x— (%, +1)" y +2%2 =0
y (x +1)2(x x0)+xo+1<:> X (x0+ ) Y+ 2X,

Khi do khoang céch tlr 1 (~12)dén Ala

(k) | 4 .,
‘ 4+ (%, +1)"

0 \/(42+(x0+1)2

X, +1)

Dau bang xay ra khi va chi khi (X0 +1)2 = ﬁ <X, =-1t \/E
X, +

Viy ¢6 hai diém cdn tim 1a M_(=1++/2:2-v2):M (-1-~/2:—2 ++/2
1 2

Bai 11. Tim hai diém thudc hai nhanh cta d6 thi ham s6 y = sao cho khoang céch gitra

x+1
chiing dat gia tri nho nhat.
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Gid sir diém A(—l—a,2+gj;B(b—l,Z—%]e(C)véri a,b>0

a
Khi do ta co
2
ABZ:(a+lﬂ2+4(Eu+1J =(a+¢nz£1+ 41{]24ab{1+ 4 {]zsabflf—fj-:16
a b (ab) (ab) (ab)
Dau bang xay ra khi va chi khi
a=b

4 oa=b=V2> A(—l—\/a;—2+\/§);8(\/§—1;2—\/§)
(ab)’

Vay hai diém cdn tim 1 A(—l—\/E;—2+\/§); B(\/§—1;2—\/§)

- . (94 A . ’ 5 A . \ A X A M . <X r
Bai 12. Tim hai diém thudc hai nhanh cta do6 thi ham s6 Yy = —1, bict rang hai diém do tao

voi diém A( 2, 0) mot tam gidc vudng cin tai A.

Loi gidi:
Gia st diém B(b,z +LJ;C[C,2 +ij voi b<l<c
b-1 c-1
Goi H, K 1an luot 14 hinh chiéu vudng goc cia B, C trén truc hoanh
. AB L AC
Tur diéu kién =aABH =aCAK
AB=AC
2
2-b=2+—
AH =CK -1 (b=
Tu do suy ra: =
BH = AK 2 c=3
2+——|=[c-2
b-1
Vay hai diém can tim 1a B (—1; l) C (3; 3)
(Mm+1)x+m

Bai 13. Chirng minh rang véi moi m # 0do thi ham s6 Yy = ludn tiép xuc voi

X+m

mot dudng thang ¢ dinh.

Loi gidi:
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——Ei—7:k K= m?
o (x+m) vme!  (x+m) , ¥m
Un+nx+m:kx+l m*(I = x—1)+2m(Ix—x) + Ix* = x* =0
L x+m
P
(x+m)"  (x=0
S1l-x-1=0 <1l=1
IXx—x=0 k=1
X —x*=0

Vay d0 thi ham s6 ludn tiép xic voi duong thang d 1y =x+1

BAI TAP DE NGHI

3

1.1.  Tim m dé @6 thi ham s6 y = —XH—FSmXZ - 2(Cm),m # Onhan diém | (1; O)Iam tam

dbi xung.

12. Chohamsé y=—x>+3x+ Z(C) . Tim trén (C)hai diém phan biét déi xing véi nhau
qua duong thang 2X—y+2=0.

2X +1

X+1

tiém can cua (C)nhé nhét.

3x—-4

1.3.  Cho ham s y = (C) Tim trén (C)nh&ng diém c6 tong khoang cach dén hai

1.4, Chohamsb y=

(C)-

o 2X
15. Chohamso y=

(C). Timtrén (C)céc diém cach déu hai duong tiém can cua

. Tim trén d6 thi ham sb hai diém ddi xrng v6i nhau qua dudng

X+1
thang MN biét M (-3;0), N (-1-1).
1.6. Cho ham s y= 2XX _11 (C). Tim trén (C)diém M sao cho tiép tuyén cia (C)tai
+

M va dwong thang di qua M va giao diém cia hai duong tiém can cia (C ) c6 tich hé sb
g6c bang —9.
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1.10.

1.11.

1.12.

1.13.

1.14.

1.15.

1.16.

1.17.

1.18.

2 . .
(C). Timtrén (C )cac diém c6 hoanh do a c4c s nguyén.

).

V6i mdi gia tri cia tham s6 Mdé duong thang d:y=mx+1cit 46 thi ham s6
_2x-1
X+l

Chirng minh raing MA= NB.

Tim m dé trén d6 thi ham s§ y=x° —3(2m2 —1)X2 +3(m2 —l)X+1—m3C() hai

o 2X —
Chohamso y =
X+1

Tim diém ¢6 dinh cia (C )1y = X* +(m+|m|)x* —4x —4(m +

tai hai diém phan biet M, N va cét hai duong tiém can lan luot tai A, B.

diém phan biét dbi xtrng nhau qua gdc toa do.

: ; . X+2 . . .
Tim nhitng diém thudc do thi ham s6 Y = —1 bict rang tong khoang cach tu diem do

dén duong thang d : 2X+ y — 2 = 0 dat gia tri nho nhat.

Tim nhtg diém thudc hai nhanh cta d6 thi ham s6 y = sao cho khoang cach gitra

X-1
chiing dat gia tri nho nhat.
X+1

Tim nhirng diém thudc db thi ham s6 y = sao cho khoang cach tir diém do dén

truc hoanh bang hai lan khoang cach tir diém d6 dén truc tung.

Tim nhitng diém thudc d6 thi ham sb y = sao cho téng khoang cach tir diém do

X+1
dén cac tryc toa do dat gia tri nho nhat.

2 . A 1 N A X <A N « 3R , 7.
Tim hai di€m thudc hai nhanh ctia d6 thi hams6 Y = —1, bict rang hai diém do tao voi
X+
diém A( 2, 0) mot tam gidc vudng cin tai A.

-X+1 .
hai diém A,B c6 d6 dai doan AB =4 va duong

Tim trén d6 thi ham s6 Y =

thing AB vudng goc v6i duong thang Yy — X =0.

Tim trén d6 thi ham s6 Yy = cac diém A, B biét ring tiép tuyén v6i do thi ham sd

X+ 2
tai A, B song song v&i nhau va do dai doan AB bang 2\2.
Tim trén dd thi Y =—x>+3X bén diém A,B,C,D sao cho tx giac ABCD Ia hinh
vuong tam O.

VE PO THI HAM SO CHUA DAU GIA TRI TUYET POI
91



Dang 1: Dya vao db thi ham sb (C): y = f (X)suy ra do thi ham sé
(C):y=]f(x)
Phwong phap:

Taco (Cl):y:|f(x)|:{

Do d6 db thi (C, ) gém hai phan
Phdn 1: Giir nguyén phan dé thi (C )na trén truc hoanh.

f(x), f(x)>0
—f(x), f(x) <0

Phdn 2: Lay déi xing phan d6 thi (C ) ndm phai dudi truc hoanh qua truc hoanh.

y=2x°-9x*+12x—4(C)

y=|2x*-9x* +12x-4|(C,)

5

4

(C)
Dang 2: Dya vao db thi ham sb (C) :y = f(X)suy ra d6 thi ham sb

(C)zy=f([).

Phwong phdp:
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f(x),x>0

Taco (C2)1y= f(|x|):{f(_x),x<0

Do d6 db thi (C, ) gbm hai phan

Phdn 1: Giir nguyén phan dé thi (C ) bén phai tryc tung.
Phan 2: Lay d6i xirng phan 1 qua tryc tung.

y=2x°—9x*+12x—4(C)

y=2x"-9x* +12|x|- 4(C,)

- N w = 3.} @ -~

(C)

Dang 3: Dya vao db thi ham sb (C) :y = f(X)suy ra d6 thi ham sb

(Co):lyl=T(x).
Phwong phdp:
Db thi ham s6

y| = f (X) ddi xtng qua truc hoanh.

) ol ~ y,y=>0
Taco (C,):|y|=f(X)= f(x)_{—y,ySO

Do d6 d6 thi nhan tryc hoanh 1am truc ddi ximg, nén do thi gom hai phan
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Phdn 1: Giit nguyén phan do thi (C)phl'a trén truc hoanh
Phdn 2: Lay d6i xing phan 1 qua tryc hoanh
Dgng 4: Dya vao do thi ham s6 (C):y=f(x)=u(x).v(x) suy ra d thi ham sb

(C,):y =[u()|v(x).
Phwong phdp:

Ta co |u(x)|v( )= {

Do d6 db thi (C4)gém hai phan
Phdn 1: Giit nguyén phan do thi (C) nam trén mién u(x) >0.

u(x)v(x) = f(x),u(x)>0
u(x)v(x) =—f(x),u(x) <0

Phdn 2: Lay d6i xing phan dé thi (C ) qua truc hoanh nam trén mién u(x) <0.

y=2x°-9x*+12x—4(C)

=|x—2|(2x* -5x+2)(C,)

(C)

Trén day la 4 dang bai hay gap trong ky thi TSPH, mét s6 dang khéc phwc tap hon nhu sau
Dang 5: Dya vao db thi ham sb (C) = f (X) suy ra do thi ham SO = | f (|X|)|
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Dang 6: Dya vao do thi ham s6 (C):y = f (X) suy ra & thi hamsé (Cy):|y|= f (X]).
Dang 7: Dya vao d thj ham sb (C)Z y = f(X) suy ra d6 thi ham s6 (C7 ) : |y| = | f (|X|)| .

Dang toin: Bién luin sé nghi¢m ciia phwong trinh dwa vao dé thi

Phwong phap:

Dung truc quan dd thi dé bién luan sd nghiém cua phuong trinh f (X) = g(m), trong 6 m Ia
tham s6. Coi Yy = g(m)la duong thang va y = f (X)la duong cong

Ta phai v& dugc dd thi ham s6 Yy = f(X), khi d6 s6 giao diém cua duong thang y = g(m)va

duong cong Yy = f(X) chinh 1a s6 nghiém ciia phuong trinh.
Nhu vdy diém mau chdt cta bai toan 1a v& duge do thi ham s6 y = f (X).

BAI TAP MAU

Luuy:

Tai liéu nay quan ni¢m:

- Do thi ham s6 lac du quan ni€m la dd thi ham s co ban.

- D6 thi ham sé duoc suy ra tir &6 thi ham sb co ban goi 1a d6 thi ham sé mi.

Véi cac bai toan miu & day, ta gia sir 1a da c6 d0 thi ham sd co ban va ¢ ddy chi nén ra cach suy
ra ra d thi ham sb ma&i. Khi 1am bai cac em phai xuat phat tir d6 thi ham s co ban xong méi
duogc suy ra do thi ham sé m&i( thuong thi dé ra cau 1, ¥ mot khao sat su bién thién va v& dd thi
ham s6 cac em d3 c6 do thi ham so co ban).

., i . A 3
Bai 1. Tim m dé phuong trinh sau c6 6 nghiém phan biét 2|X| —9x? +12|X| =m.

e

Loi gidi:
Ham s6 co ban Y = f(X) =2x° —9x* +12X (C)
Sd nghiém cua phuong trinh chinh la ) giao diém cua duong théng y=mva dd thi ham sb
y=2x"-9x*+12|x (C,)
, s , f(x)=2x>-9x* +12x,x>0
Taco y:2|x| - 9x +12|X|: , )
f(—x)=-2x"-9x° -12x,x<0
Do d6 db thi (Cl) gdm hai phan:
Phin 1: giit nguyén phan do thi (C)bén phai truc tung.
m Léy dbi xirng phén 1 qua truc tung.
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D6 thi ham sé (Cl) 14 phan lién nét trén hinh vé
Duya vao do thi ham s6 suy ra dé phuong trinh ¢6 bén nghiém phan biét khi va chi khi duong
thing Y = M cat (Cl) tai bon diém phan biét <> 4 <m<5.

473 2 2| T . .
Z‘X “ M —1c6 tdm nghiém phan biét.

Bai 2. Tim m dé phuong trinh

Loi gidi:
bicu kién: m > 1, khi d6 phuong trinh twong duong vai:

X" —3x* +2|=1log,(m-1)
D6 thi ham s6 Y = |X4 —-3x* + 2| nhu trén hinh v&
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Duya vao do thi ham s6 suy ra dé phuong trinh ¢6 tam nghiém phéan biét khi va chi khi duong

ihing ¥ =K =1092(M=1) 4 43 i ham 6 tai tém diém phan biet

<:>O<Iogz(m—1)<%<:>2<m<1+<‘/§

BAI TAP PE NGHI

Bai 1. Cho hamsé y = 2x° —9x* +12x—4(C)
a. Khao sat sy bién thién va vé dd thi ham s6 (C).
b. Tim m dé phuong trinh sau c6 6 nghiém phan biét 2|X|3 —9x? +12|X| =m.
Bai 2. Cho hamsé y = 2x" —4x*(C).
a. Khao sat sy bién thién va vé dd thi (C) caa ham sb.
b. V&i gia tri ndo cua m, phuong trinh X? ‘Xz - 2‘ =M c6 dung 6 nghiém phan biét.
Bai 3. Goi d 1a duong thing di qua diém A(2;0) vai hé sé goc k . Tim k dé d cat do thi ham sb
y =[x*|~3|x| - 2 tai 4 diém phan bit.
Bai 4. Cho hamsé Y = X° — X* — X+1(C).
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a. Khao sat su bién thién va v db thi ham s6 (C)
b. Tim nhitng gi4 tri cua tham s6 m d& phuong trinh sau c6 6 nghiém phan biét
|x—1|3—x2—2x—|x—]4:m.
2X +1

Bai 5. Cho hams§ y = 1 (C).

a.

b.

1.1.

1.2.

1.4.

Khao sat sy bién thién va vé d thi (C ) cua ham sb.
2|x|+1
x| +1

Tim m dé phuong trinh sau ¢6 nghiéu nghiém nhat =m.

MOQT SO BAI TAP TONG HOQP

Cho hamsé ¥ =2x —3(m+3)x* +18mx—8 (C,)

Khao sat su bién thién va vé& do thi ham sé khi m=1.

Timmdé (C,, ) tiép xtc véi truc hoanh.

Ching minh ring ton tai diém X, sao cho tiép tuyén véi d6 thi ham s tai diém d6 song
song vai nhau vai moi m.

Chuang minh rang trén parabol (P)Z Yy = X’c6 hai diém khong thuge dd thi ham sb véi
moi m.

mx + 2 . .
1 (Cm), M 1a tham s thuc.
X_

Khao sat sy bién thién va v& dd thi ciia ham sb da cho khi m = 3.

Cho hai diém A(-3;4) va B(3;—2). Tim m dé trén do thi (C,, ) c6 hai diém P,Q
cach déu hai diém A, B va dién tich tir giac APBQ bang 24.

Cho ham s y = mx° —3mx’ +(2m +1)x+3-m(C,), M la tham s thuc.

Khao sat sy bién thién va v& d6 thi ham s6 khi m= 2.

Cho ham s§ Y =

N R 4 . <A y <A 1 . A
Tim Mdé ham so (Cm) c6 cuc dai, cuc tiéu va khoang cach tir diém N 5,4 dén

duong théng di qua diém cuc dai, cuc tiéu ctia ham sd 1 16n nht.
Cho ham s6 Y =X —3x* +2 (C)
Khao sat su bién thién va v€ do thi ham so.
Tim tat ca cac gia tri cuia K dé trén dd thi ham sb (C ) ton tai dung hai tiép tuyén c6 cing
hé s6 goc K dong thoi duong thing di qua hai tiép diém cét cac truc toa do OX, Oy lan
luot tai A va B sao cho ABZ\/E.
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1.6.

1.7.

. Khao sat su bién thién va v€ do thi ham so6 véi m = —.

CHINH PHUC

T0 N'I'I.I'A y 4

mx +1
(m
X+m

Cho ham s6 y = * il)

1

. Khao sat su bién thién va v€ do thi ham s6 khi M =——.

. Lay A, Blan luot thudc dd thi ham s6 c6 hoanh do X, = —1;X; =1. Xéc dinh M biét

tip tuyén véi dd thi ham s tai A, B cit nhau tai C sao cho tam giac ABC Ia tam giac
déu.

\ £ 3 2
Cho hamso Y =X —3(m+1)x +6mx—3m+4 (Cm)

. Khao sét su bién thién va v& dd thi ham s6 khi m=1.

Goi A 14 tiép tuyén ciia d6 thi ham s (Cm) tai diém c6 hoanh d6 bang 1. Tim m dé
tiép tuyén cit do thi ham sb (Cm)tai diém B khac A, sao cho tam giac OAB can tai
0.

Cho ham s Y =—X° +(2m +1) x> —m-1 (Cm)

. Véi m=1, khdo sat sy bién thién va v& do thi ham so.
. Tim m dé dudng thing y =2mX —m—1cat dd thj (C,, ) tai 3 diém phan biét A, B,C

sao cho OA? + OB’ + OC?dat gi4 tri nho nhat.
Cho hamsé Y = x* + 2(2m +1) x> —3m (Cm)
3

. Tim mdé (Cm) cit truc hoanh tai 4 diém tao thanh 3 doan théng bﬁng nhau.

Cho him s ¥ = X° +3x> —4 (C)

. Khao sat su bién thién va v€ do thi ham so da cho.

. 1 7 . , .
Cho hai diém M (E, 2); N (E’ 2). Viét phuong trinh duong thing d cit do thi (C)

tai hai diém phan biét P,Q sao cho t gisc MNPQ Ia hinh binh hanh.

1.10. Chohimsé y =———= (C,)

X+ 2
1. Khao sat sy bién thién va v& d6 thi ham s6 voi m =1.
2. Tim m dé duong thing d 12X+ 2y —1=0cét (C,, ) tai hai diém phan biét va cling

voi géc toa d§ tao thanh tam gidc c6 dién tich béng g .

1.11. Cho hamsb y:—§x3+(m—1)x2+(3m—2)x—g (Cn)
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1.12.

1. Khao sét sy bién thién va v& d6 thi ham sb véi m=2.
2. Tim trén d6 thi (C,, ) hai diém phan biét c6 hoanh do X,,X,thoa man X,X, > 0sao

cho tiép tuyén tai mdi diém d6 vuong goc voi duong thang X —3y +1=0.
(Mm+1)x+m

X+m
tung d6 16n nhét, biét rang khoang cach tir diém d6 dén tiép tuyén cb dinh cta do thi ham

sd bang \/E .

Vi me(0;4] tim diém thude do thi ham sd y = ¢6 hoanh do duong ;
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