Trang 1 3
Lé Trung Kién THPT Nguyén Du-Thanh Oai-Ha N¢i

Loi néi dau !

Xin ldy mét doan trich tiv tiéu thuyét trinh tham rét néi tiéng

1 “ Phia sau nghi can X” cuia tic gid Higashino Keigo lam loi

: néi dau, ddy ciing la suy nghi ciia rit nhteu thdy, c0 gido day
todn, chuc cac em hoc sinh tim dwo’c niém Yéu thich hoc todn,

hoc todn vui vé va thing lgi trong cac Ki thi sdp tdi !

- Thura thay, ¢6 nhitng truong dai hoc khéng thi dau vao bang mon toan. Ai
thi vao nhirng truong do thi diém mon todn thé ndo ma chang dwoc ha thay.
Ishigami nhin vé phia cé tiéng néi. Cdu hoc sinh tén la Morioka. Cdu ta dwa
tay gdi gdi gay va noi voi cdac ban xung quanh.”’Moi nguoi nhi!”

Tuy khéng phdi la gido vién chi nhiém nhung Ishigami ciing biét cdu
Morioka nhé con nay la thii linh ciia 16p. cdu ta bi nhdc nhé nhiéu lan vi 1én
dung xe may di hoc.

- Em s€ thi truong nhw thé ha Morioka? — Ishigami hdi.

- Néu thi thi em sé chon truong nhu thé tuy bdy gio- em chwa muon hoc én
dai hoc. nhung du thé nao thi 1én 16p mwoi hai, em sé khong hoc mén todn
nita. Diém todn sé chang quan trong gl doi véi em. Ngay ca thay cung mét vi
phdi day nhitng dira dot nhiwe bon em réi. Théi thi chiing ta, néi thé nao nhi,
hay cw xwr nhw nguwoi lon voi nhau.

Cd I6p cuoi 6 Ién triede cdu néi cudi ciing ciia Morioka. Ishigami mim cuoi.
- Néu em nghi tdi cdc thay thi hay dé trong ki thi lai lan téi. Pham vi chi ¢6
phan vi phén va tich phan théi. Chang c6 gi dang ké cd.

Morioka tic ludi mot cdi rat to. Cdu ta thu hai chdn dang dang ra hai bén
réi vt tréo 1én nhau.

- Vi phan voi tich phdn thi co ich cho viéc gi a? Co ve nhuw chi phi thoi gian.
Ishigami dang quay len bang, dinh chita bai thi cuéi ki nhung anh quay lai
khi nghe thdy cdu néi ciia Morioka. D6 la cdu héi anh khéng thé bé qua.

- Em thich xe may, diing khong nhi? Em da xem dua xe bao gio chua?
Morioka béi réi gdt dau trude cau hoi bdt ngo cua Ishigami.

- Cdc tay dua khong chay xe voi mot van téc nhat dinh. Ho luén luén thay
déi van téc, khéng chi dé thich vmg véi dia hinh va huéng gié ma con vi
nhiing Iy do mang tinh chién thudt nira. Viéc phan doan ngay tirc thi xem
ché ndo nén giam toc, ché nao nén tang toc va tang nhu thé nao sé quyét
dinh viéc thing hay thua. Em cé hiéu khéng?

- Em hiéu, nhung viéc dé thi c¢é lién quan gi téi todn hoc?

- Mikc tang toc nay chinh la phép vi phén ciia vin toc tai thoi diém dé. Con
cw ly dua chinh la phép tich phan cia van téc lién tuc thay doi. trong mét
cudc dua, tat nhién xe nao ciing chay cing mét cw ly nhung dé gianh chién
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théng thi viéc tinh vi phdn vin toc sé la yéu t6 rat quan trong. Thé nao, ¢
phdi vi phan va tich phdn khong co ich cho viéc gi khong?

MGt Morioka cé vé béi roi, ¢é 1é cdu khong hiéu diéu Ishigami vira néi lam.

- Nhung ma nhitng tay dua ho co nght dén viéc a6 khéng? Tich phan véi cd
vi phan dy. em nghi thang hay thua la bang kinh nghiém va cam giac thoi.

- T4t nhién. Nhung nhitng nhan vién hé tro cho cdc tay dua thi ¢é nght dén
day dé lén chzen lwegc cho tay dua, ho sé phai mo phong that chi tiét nhiéu
lan xem tang toc & doan nao va tang toc nhw thé nao thi ¢é thé gianh phan
théing. khi dy ho phdi diimg dén phép tich phdn va vi phdan. C6 1¢ ban théan ho
cing khong . biét la minh dang sw dung tich phan va vi phan nhung viéc hoc
sur dung phan mem co 1tng dung vi phan va tich phan la sy that.

- Néu thé thi chi can nguoi lam ra phan mém dé hoc todn théi phai khéng a?
- C6 1é vdy, nhung khéng han la em sé khong tro thanh nguoi nhw vy phai
khong Morioka?

Morioka wén nguoi ra dang sau.

- Em khéng tré thanh nguwoi nhw thé dau.

- Khéng phdi la em thi sé la ai d6 dang c6 mdt ¢ ddy. Gio todn la dé cho mot
ai dé nhw thé. — Ishigami nhin xudng ca l6p. — Thay néi cho cdc em biét,
nhitng diéu thay dang day cdc em méi chi la cdnh cira dé budc vao thé giGi
todn hoc ma théi. Néu cdc em khong biét canh cira d6 ¢ ddu thi cdc em
khong thé di vao bén trong duwoc. tat nhién, em nao khong thich thi khong
can vao. Thay kiém tra cdc em la chi muén xem cdc em cé biét cong vao &
ché nao hay khéng théi.

(Com cha G0 me chit thay.
(5:ing cong ma hoc ¢6 ngay thanh danh.

~Jue ngit ‘Viet Nam-
P

“Suy nghi, suy nghi, suy nghi nita”.
“Nghién ciru khoa hoc giong nhir khoan g6, ¢6 nguwoi thich khoan gé mong,
con téi thich khoan gé day”.

Anbe Anhxtanh
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Trang 3
Lé Trung Kién

Chu deé 1: Khdo sat ham so va cac van
deé lién quan
1.Bang cac dao ham

(x“)' =ax**

THPT Nguyén Du-Thanh Oai-Ha Ngi

A =Db? —4ac(A’ :(b')2 —ac:é,b' :Ej
4 2
+) Néu A<0(A’<0) phuong trinh

y =0 vO nghiém.

X —00 +00
Y af (x)>0

1 . u’ +) Néu A =0(A’=0)phuong trinh y=0
X)'=—= uj'=—
(¥ 24/x (V) 2Ju o
(utv)'=utv' | (uv)'=u'v+v'u c6 nghigm kép x;, =——-
u),_u'v-v'u | (ku)'=k(u)’ X w0 _b o0
v) 2a
y af (x)>0 0 af(x)>0
(sinx) =cosx | (sinu) =cosu.(u) +) Néu A >0 (A’ >0) phuong trinh
' ' ' =0 c6 hai nghiém phan bi¢t
(cos x) =—sinx | (cosu) =-sinu.(u) Y= c0hal nghiem padn bic
—btJA SN .
X= = , sap x&p hai
, . 1 ) 2a a
(tanx) = T (tanu) :COSZU(U) nghiém X, <X,
X —00 X, X, +00
(cotx) =— 12 (cotu)'=— _12 (u) y af (x)>0 0 af(x)<0 0 af(x)>0
sin- X sin-u ¢ Dinh ly vi-et: Khi phuong trinh
bac hai
() =¢" () =e"w ax’ +bx+c=0(a=0) c6 hai nghiém
(a*)'=a*Ina (a")'=a".Inau’ S:x1+x2=—§
Inx)'== Inu)'=— X3 X, ta co
nxy=5 | (inuy=2 et
(log x)'zL (log u)':u— U o
: xIna ? ulna e Ung dung dinh Iy vi-et

2. Xét d4u biéu thikc.
e Dinh ly vé dau ctia nhi thirc
bac nhat y =T (x)=ax+b(a=0)

X b
—o0 —= +00

a
Y af (x)<0 0 af (x)>0

e Dinh Iy vé ddu cua tam thirc bac
hai y =ax®+bx+c(a=0)
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1. Hai nghiém cung dau
< A>0vaP>0

2. Hai nghiém trai du
< A>0vaP<0<ac<0

3. Hai nghiém duong(16n hon 0)
< A>0;S>0vaP>0

4. Hai nghiém am(nhé hon 0)
< A>0;S<0vaP>0
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Trang 4
Lé Trung Kién

3. Phuwong trinh tiép tuyén (PT®)
e PT® v6idod thi ham s6 y =f(x)
tai diém M (Xo;Y,) 0 hé s6 goc la

(o)
e PT® v6idod thi ham s6 y =f(x)
tai diém M(X;Y,) c6 dang :

y:f'(XO)(X—X0)+yO ' Yo :f(xo)
M duoc goi 1a tiép diém
X, duoc goi la hoanh d¢ cua ti€p di€ém
Y, duoc goi la tung do cua tiép diém
f'(X,) duoc goi la hé s6 goc cua tiép
tuyén.

e Néu PT® song song voi duong
thing y=ax+b thi f'(x,)=a

e Néu PT® vuodng goc véi dudng
. R 1
thang y =ax+bthi f'(x,)=-=

a

e Néu PT?® tao véi truc 0x mot goc
a thi f'(x,)=*tana

e Néu PT® cit hai truc toa do tao
thanh mdgt tam giac vudng cén thi
f'(x,)=%1
4. Quy tic xét tinh don diéu ham s

e Tim tap x4c dinh cia ham so6

e Tinh dao han f’(x), tim cac
diém x, (i=1,2..n) ma tai 6 dao ham
bang khong hodc khong xac dinh.

e Sipxép X; theo thir ty tang dan
va 1ap bang bién thién.

e Néu cac két ludn vé sy dong bién
nghich bién ciia ham s6
5. Quy tac tim cuc tri ham so

e Tim tap x4c dinh cia ham so6

e Tinh f'(x) , tim céc
diém x; (i=1,2..n) ma tai 6 dao ham
bang khong hoic khong xac dinh.

e Sipxép X; theo thir ty tang dan
va 1ap bang bién thién

https://www.facebook.com/letrungkienmath

THPT Nguyén Du-Thanh Oai-Ha Ngi

e Turbang bién thién suy ra cac
diém cuec tri cua ham so.
6.Quy tac tim GTLN, GTNN caa ham
s0 lién tuc trén mot doan.

e Tim céac diém X;; X,;...; X, trén
(a;b)ma tai @6 f'(x) =0 hoac khong
xac dinh.

e Tinh
f(a); f(x,);f(x,);f(x,):f(b).

e Tim s6 16n nhit M va sé nho
nhat m trong cac so trén. Khi do:

M= rBag(f (x), m= r[g;lbr]]f (x)

Chii y: Dé tim GTLN, GTNN ciia ham s6
trén mgt khoang, nira khoang ta co thé
ldp bang bien thién cua ham so trén
khoang, nira khodang do va tir do ket
lugn. Khong phai ham so nao ciing co
GTLN, GTNN.

7. Pwong ti€ém can

e Duong tiém can ngang: y=Yy, la
tiém can ngang cua dd thi ham sb

y="F(x) néu: limf(x)=y,

X—>o0
e Duong tiém can dimg: X=X, la
tiém can dung cua dd thi ham s6
y="f(x) néu lim = o0

e Dudngthing y=ax+b,a#0
dgl dudng tiém can xién clia do thi
ham s6 y=f(x) néu it nhit mot
trong cdc diéu kién sau dugc thoid
lim [f(x)—(ax+b)]=0;
X—>+00

lim [f(x)—(ax+b)]=0

X—>—00

man:

e D& xdc dinh cic hé s6 a, b trong
phuong trinh cla tiém cén xién, ta
c6 thé 4p dung cic cong thic sau:

a= lim f(x);b: lim [f(x)—ax] hay
X—>+00 X X—>+00

a= lim 2% b~ lim [£(x) - ax]
X—>—0 X X—>—00
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Trang 5
Lé Trung Kién

8. Twong giao ciia hai do thi.

e Xéthai hamsé y=F(x) va
y=¢ (X) toa do giao diém cta d6 thi hai
ham s6 14 nghiém cua hé phuong trinh.
{y =f(x)

y=9(x)

e Duong thing y=ax+b la PT®

ctia d6 thi ham sb y =f(x), khi va chi

' f(x)=ax+b
khi phuong trinh co

f'(x)=a
nghiém. ]
9. Cac budc xét sy bién thién cia ham
0
e Tim tAp xdc dinh ctia ham sd.
e Xét sy bién thién clia ham sd:
+ Tinh y".
+ Tim céc di€m tai d6 dao ham
y' biing 0 hoic khong xéc dinh.
+ Tim cdc giéi han tai v cuc,

10. Mt s6 ham s6 thwong gip:

THPT Nguyén Du-Thanh Oai-Ha Ngi

gi6i han v6 cyc va tim ti€ém can
(n€u ch).

+ Lap bdng bi€n thién ghi rd
dau cla dao ham, chiéu bi€n thién,
cuc tri cda ham sd.

e V& dd thi cda ham so:

+ V& cdc dudng tiém cin (néu
c6) ctia d6 thi.

+ Xdc dinh méot s6 diém dic
biét clia d6 thi nhu giao di€m clia
dd thi v6i cdc truc toa do (trong
trudng hop do thi khong cdt cic
truc toa do hodc viéc tim toa dd
giao di€m phifc tap thi c6 thé bd
qua). C6 thé tim thém mot sd diém
thudc dd thi d€ c6 thé vé chinh x4c
hon.

+ Nhan xét vé do thi: Chi ra truc
déi xing, tim d6i xtng (néu cob)
cta do thi.

10.1 Ham s6 bac ba y=ax’ +bx> +cx+d (a #0):

e Tap xdc dinh D =R.
e Cic dang d6 thi:

a>0 a<0
y’ =0 c6 2 nghiém phan biét ty ty
& A =b*-3ac>0
/\ \! \ N

v
-
Xy

y’ =0 c6 nghiém kép ¥
& A =b-3ac=0

SN

=y
[e]
——

"
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Trang 6 N
Lé Trung Kién THPT Nguyén Du-Thanh Oai-Ha Noi

y’ =0 v0 nghiém Ya ya
< A’=b*-3ac<0

Mot s6 cong thirc can nhé:
e y'=3a*+2bx+c
e Ham sb khong c6 cyc tri: b? —3ac <0

. 5 . a>0 ,
e Ham s0 luén dong bién trén TXD { , ch1 y khi hé s6 a c6 m phai xét riéng

b?-3ac<0
truong hop a=0
a<0

b? 330 <0’ cha y khi hé sb a c6 m phai xét riéng

e Ham s ludn nghich bién trén TXD {

truong hop a=0
e Ham sb ¢6 hai diém cuc tri: b>—3ac >0
e D) thi ham sb c6 hai diém cyc tri trai du (D6 thi ham s6 ¢6 hai diém cyc trj nam vé
2 phia 0y): ac<0
e Ham s6 c6 hai cuc tri ciing dau( d6 thi ham s6 ¢6 hai diém cyc trj nam vé mot phia
truc Oy): y'=3a’+2bx+C c6 hai nghiém phan biét ciing dau {i X> 0> 0
T2

e Ham sd c6 hai cuc tri cung duong ( dd thi ham s6 c6 hai diém cuc tri ndm vé bén phai
A'>0
truc Oy: y'=3a”+2bx+c c6 hai nghiém duwong phan biét < x,x, >0
X +X, >0
e Ham sb c6 hai cuc tri cung am (66 thi ham sd ¢6 hai diém cuc tri ndm vé bén trai truc
A'>0
0y ): y'=3a’ +2bx+cc6 hai nghiém a4m phan biét { x,X, >0
X +X, <0
e Phuong trinh y =0 c6 ba nghiém tao thanh mét cap sé cong: Phuong trinh co ba
nghiém phén biét trong d6 c6 mdt nghiém la: —%

e Phuong trinh y =0 c6 ba nghiém tao thanh mot cap s6 nhan: Phuong trinh c6 ba

. . . /d
nghiém phén biét trong d6 c6 mot nghiém la: —3|—
a
: . : : /4e 16€’ b*—3ac
e Khodng cach gitta 2 diém cuec tri cua ham so: i 6= 9
a a
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Trang 7

Lé Trung Kién THPT Nguyén Du-Thanh Oai-Ha Ngi
102. Ham s8 y=""2 (¢ 0.ad—bc=0):
cX +
e Tap xdc dinh D = R\{—ﬁ} Ly =-2d=be
c (cx+d)

N VA A , N d . PUREIR ~ N a . R
e DO thi c6 mot ti€ém cdn ding la x =—— va mot ti€m cdn ngang 1a y=—. Giao di€ém
c c

clia hai tiém cdn 12 tim d6i xtiing clia d6 thi him s6.
e Cic dang d6 thi:
A y “y

x

ol X ANEE !

Céc cong thirc can nho:
a

C

c

1. Dién tich hinh chir nhat tao thanh gitra hai ti€ém can va hai truc toa do

2. Diém thudc do thi thoa man tong khoang cach tir diém d6 dén hai cuc tri 1a nho nhat c6
hoanh d¢ 1a nghiém cta phuong trinh: (cx+d )2 =|ad —bc]|

2
. ) +bx + . - %
10.3 Ham s0 hitu ty y = ax'—xbvc (a.a"#0, tir khong chia hét cho mau) :
a'x+

e Tap xdc dinh D = R\{—Z}.
a

A . 2z A [N A 4, N N A [N A [N . R 2 [N A N A
® DO thi ¢c6 mot ti€m cdn ding 1a x =—— va mot ti€m cén xi€n. Giao di€m cua hai ti€m cén la tdim

a
ddi xing clia do6 thi ham so.
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Trang 8 3
Lé Trung Kién THPT Nguyén Du-Thanh Oai-Ha N¢i

e Cic dang db thi:

aa’' >0 a.a’' <0
X y
. $ ¥ A=
[ ag':{u} \\\J aa'<0
) \ !
y' =0 c6 2 nghi¢ém phén biét 0 0 AN
_b x b X
yl ylk

y' =0 v0 nghi€ém .

2
£ +bx +
Mot s6 cong thirc tinh nhanh y = axr Toxwe
a'x+b'

B a.a' x> +2ab'x +bb'-ca'
(a’x+b)2
e Ham sb ddng bién trén ting khoang tap xac dinh D: < a.a'x? +2ab'x +bb'—ca' > 0,Vx € D
e Ham sd nghich bién trén timg khoang tap xac dinh D: < a.a'x” +2ab'x +bb'—ca'< 0, Vx € D
aa'x"+2ab'x+bb'-ca'>20

e Hamsb déng bién trén K: < b' ,Vxe K
X #——

1

a

a.a'x>+2ab'x+bb'—ca' <0

e Ham s6 nghich bién trén K: < b' ,VxeK
X#——
al
2 '
(ax +bx+c) dQax+b

e Duong thing qua hai diém cuc tri : y = =
(a'x+b')' a'
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Trang 9
Lé Trung Kién

Chii dé 2: Toa dé véc to trong khong gian

1. Pinh nghia va cac phép toan

¢ Dinh nghia, tinh chat, cac phép todn vé vectd

trong khong gian dugc xay dung hoan toan tuong

t nhu trong mit phing.

elLuuy:

+ Qui tac ba dlem Cho ba di€m A, B, C bat ky,

ta c6: AB+BC =AC

+ Qui tic hinh binh hanh: Cho hinh binh hanh

ABCD, ta co: E+E =TC

+ Hé thic trung di€m doan thing: Cho I 12

trung dlem cua doan thang AB 0] tuy y.

Ta cé: IA+IB 0; ; OA+OB 201

+ Hé thic trong tAm tam giac: Cho G Ia trong

tam cua tam glac ABC, O tuy y. Ta cO:
GA+GB+GC = 0; OA+0B+0C =30G

+ Piéu kién hai vectd ciing phuong:

d va b ciung phuong(d#0)<3lkeR:b=ka

2. Sy dong phing cia ba vectd

e Ba vecto dudc goi 12 ddong phing néu cic gid

ctia chiing cling song song v6i mot mit phing.

e Diéu kién d€ ba vecto dong phing: Cho ba

vectd d,b,c , trong d6 d va b khong cling

phuong. Khi d6: d,b,¢ ddng phing

< 3I'm,n e R: ¢ =mi+nb

e Cho ba vectd d,b,¢ khong ddng phing, X tuy

y )

Khi dé: 3! m, n, p € R: X =ma+nb+ pc

3. Tich vd huéng cua hai vecto

¢ Goc gitra hai vecto trong khong gian:

AB =ii,AC =V = (ii,v) = BAC (0° < BAC <180°)

e Tich v6 huéng cia hai vectd trong khong
gian:
+Cho i,v #0. Khi dé:

v

ii.v =lil.[9.cos(ii, )

https://www.facebook.com/letrungkienmath
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+V6i =0 hodc v=0. Qui udc: 1u.v=0

+ulveuv=0

4. Céc cong thirc toa do véc to
a =(a1;a2;a3), I; :(bl;bz;b3)-
d+b=(a,th;a, thya, th,)

ka =k(a;;a,;a,) = (ka;; kay; kay) (k € R)

eV6i b#0:d,b cung phuong
= kb
< JdkeR:
= kb

eNéu: M 1a trung dlem AB, G la trong tdm cta tam

giac ABC thi ta cé:
AB:(XB —Xa1 Y~ Yails _ZA)

XA-i-XB XA-+-XB—|-XC

Xy =—"2—2L |[Xg=—2—7F—F¢
2 3

y _yA+yB. y _yA+yB+yC

M T ’ G

2 3

_ZatZs |, _Za+Zg+7Zc
M 2 ¢ 3

5. Biéu thirc toa do cuia tich vé huéng
e d=(ay;ay:a3), b =(b;by3b;) .
a.b =ab, +a,b, +a;b,

o |é|: a12+a§+a§

e AB :\/(XB _XA)2 +(y3 _yA)2 +<ZB _ZA)z
o cosif) = a,b, +a,b, +a;b,
Ve + a5 #0248

i Lb < ab +ab,+ab; =0

6. Tich c6 hwéng cia hai véc to
e Cho a(a;;a,;a;) vab=(b;;b,;h,).
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Trang 10
Lé Trung Kién
aZ a3 a3 al a‘1 a2

W’Hbz b,|'|b, by'[b, bZ]

= (azbs _a3b2;a3b1 _alb3; albz _aZbl)

La véc to vudng gboc vai ca hai véc to @; b

. Zl, bVva ¢ ddng phang < [a, bl.c=0
e Dién tich hinh binh hanh ABCD:

S, aBCD = ‘[A—BE]‘

e Dién tich tam gidac ABC:

Saapc = %‘[“TB R}‘

o Thé tich khoi hp ABCD.ABTD"

Vascp.apcp = ‘[AB’ AD]'AA"

o Thé tich khoi tir dign ABCD:

1
Vipep = E‘[AB, AC1.AD|

7. Phwong trinh mét phang:
e Phuong trinh mit phiang o qua

M(X; Yo;2,) €6 VTPT n=(A;B;C) la

(a): A(Xx—X,)+B(y—Y,)+C(z-2,)=0

Chuy:

VTPT la véc to # 0 c6 gia vudng goc v6i miat phang,
Néu (a): Ax+By+Cz+D=0 thin6 cémot
VTPT n=(A;B;C)

. Néu duong Ehéng vuong goc voi mafltvphecmg thi VTCP
cta duong thang 1a VTPT cia mat phang

. Néu ﬁla;B chon HZI:F;I,B}
.Hai mit phang song song ¢6 cung VTPT
. Phuong trinh mat phang dic biét.
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(Oxy):z=0; (Oyz):x=0; (Oxz):y=0
Mot s6 loai viét phuong trinh thudng gip
Loai 1: () di qua di€ém M (X,;Y,;2,) ¢6 VIPT
n=(A;B;C):
(a): A(X—%)+B(y—Y,)+C(z2-2,)=0
Loai 2: () di qua diém M (Xo;yo;zo) co cap
VTCP a,b(hai véc td nay khong ciing
phudng va vudng géc véi (a)):
Khi dé mét VTPT ciia (@) la 7i =[a,b).
Loai 3:(a)di qua di€ém M (X,; Y,;2,) va song
song vdi mit phing (f): Ax + By + Cz+ D =0
(a): A(X—%)+B(y—Y,)+C(z—-2,)=0
Loai 4: () di qua 3 diém khong thing hang A,
B, C:
Khi dé ta cé thé xdc dinh mét VIPT ciia
(a) la: 7i =| AB,AC ]
Loai 5: (o) di qua mot di€ém M va mot dudng
thing (d) khong chita M:
— Trén (d) ldy diém A va VTCP .
— Mgt VIPT ciia (¢) la: ii =| AM.ii]
Loai 6: () di qua mot diém M va vudng géc vdi
mot dudng thing (d):
VICP i cia duong thing (d) la mot
VTPT cua (a).
Loai 7: (o) di qua 2 dudng thing cit nhau di, do:
— Xdc dinh cdc VICP a,b ciia cde duong
thing di, do.
— Mot VTPT ciia (o) la: 7i =[a,b].
— Ldy mét diém M thudc di hodc d2 = M
e(a).
Loai 8: () chita dudng thing di va song song
v6i dudng thing dz (di, d2 chéo nhau):
— Xdc dinh cdc VICP a,b ciia cde duong
thdng di, d>.
— Mot VTPT ciia (o) la: i =[a,b].
— Ldy mot diém M thuéc di =M € (a).
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Trang 11
Lé Trung Kién

Loai 9: () di qua di€m M va song song véi hai
dudng thing chéo nhau di, do:
— Xdc dinh cde VICP aG,b cia cde duong
thdng di, d>.
— M6t VTPT ciia (@) la: 7i=[a,b].
Loai 10: (o) di qua mot dudng thing (d) va
vudng géc v6i mot mit phang (B):
— Xdc dinh VICP u cua (d) va VTPT n

ctia ().
— Mt VIPT ciia (@) la: ii = [ﬁ,ﬁﬂ].

B

— Ldy mét diém M thudéc d = M € (a).
Loai 11: () di qua diém M va vudng géc v6i hai
mit phing cit nhau (B), (7):
— Xdc dinh cdc VTPT ﬁﬁ,ﬁy cia (p) va

(%)
~ Mot VIPT ciia (@) la: ii=|fig.i, |.
Loai 12: () 12 ti€p xic v6i mit cAu (S) tai diém
H:
— Gid sit mdt cdu (S) c6 tam I va bdn kinh
R.
— M6t VIPT ciia (@) la: 7i=IH
Chii y: D€ viét phuong trinh mdt phdng
cdn ndm viing cdc cdch xdc dinh mdt phdng da
hoc o lop 11 )
8. Phwong trinh dwong th?lng”
e Phuong trinh dudng thang qua

M(Xq; Yo:Zo) €0 VTCP U =(Uj;u,5u,) 1a
X =X, + Ut

d: 1Y =Y, +U,t 1a phuong trinh tham s0

Z=X,+U,t
X—X — -7
hodc oYY _ % 13 phuong trinh chinh
U, U, Us

tc; (Uy, Uy, Uy #0),

Chuy:

.VTCP lévvéc to #0 co gia song song hodc trung voi
duong thang.

. Puong thing qua A, B thi n6 ¢6 mot VTCP la AB
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. Néu duong thang vudng goc voi mat phang thi né c6
VTCP la VTPT cia mat phang,

. Hai duong thang song song thi c6 cung VTCP.

Néuu L 5,5 chon u =[a;b]

. Phuong trinh dudng thang dic biét:

Ox:<y=0; Oy:xy=t; 0z:qy=0
z=0 z=0 z=t

Mot s6 loai viét phuong trinh thuong gap:
Loai 1 : d di qua di€m My(x,;y4:29) VA €6

VTCP ; = (ul;uz;ug) :

x=x,+ut
(d):y=y,tuyt (teR)
2=2, tugt

Loai 2: d di qua hai diém A, B:
M¢t VICP ciiad la AB.

Loai 3: d di qua diém My(x,;y,;2,) va song
song v&i dudng thing A cho trudc:
Vid// Anén VICP ciia A ciing la VTCP ciia
d.

Loai 4: d di qua di€m My(xy:y,;5,) Va vudng
g6c¢ vdi mit phing (P) cho trudc:
Vid L (P) nén VIPT ciia (P) ciing la VTCP
cia d.

Loai 5: d 1 giao tuyé&n clia hai mit phing (P),

(Q):
e Cdich 1: Tim mot diém va mot VTCP.
— Tim toa dé moét diém A € d: bing cdch

gidi hé phuong trinh {Eg; (voi viéc chon gid
tri cho mét dn)
— Tim mgt VICP ciia d: u = iip.iiy |
e Cdch 2: Tim hai diém A, B thuc d, roi viét
phuong trinh dwong thdng di qua hai diém do.
Loai 6: d di qua di€m My(xy:y,;5,) va vudng

g6c¢ vdi hai dudng thing di, do:
Vid _Ld, d_L d:nén mot VICP cia d la:

u= |:I/ldl,ud2:|
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Trang 12
Lé Trung Kién

Loai 7: d di qua di€m M(x,;4:7,) » vudng géc
va cit dudng thing A.
e Cdch 1: Goi H la hinh chiéu vuéng géc ciia
Mo trén duong thdng A.

HeA

MyH 1 u,
Khi dé duong thdng d la duong thdng di qua
Mo, H.
e Cdch 2: Goi (P) la mdt phdng di qua A va
vudéng goc véi d; (Q) la mdt phdng di qua A
va chitad. Khido d = (P) N (Q)

Loai 8: d di qua diém M(xy;y,;2,) va cit hai

dudng thing di, da:

e Cdch 1: Goi M1 € di, M2 € d>. Tir diéu kién
M, M, M> thcfng hang ta tim dugc M1, M>. Tix
dé suy ra phuong trinh duong thdng d.

e Cdch 2: Goi (P) = (My,d), (Q) =

(My,d,). Khi d6 d = (P)  (Q). Do dé, mét
VICP ciia d c6 thé chon la u = fip, iy |-

Loai 9: d nim trong mit phing (P) va cit c3 hai
dudng thing di, do:
Tim cdc giao diém A = di N (P), B = d2> N
(P). Khi dé d chinh la duong thdng AB.

Loai 10: d song song v6i A va cit cd hai dudng
thing di, do:
Viét phwong trinh mdt phdng (P) chita A va
d1, mdt phdng (Q) chita Ava do.
Khidoé d=(P) n(Q).

Loai 11: d 1a dudng vudng gbc chung cua hai
dudng thing di, d> chéo nhau:
e Cdich 1: Goi M € di, N € d>. Tir diéu kién
{MN Ld

1 N
, ta tim duoc M, N.
MN 1d, "¢

Khi dé, d la duong thdng MN.
e Cdch 2:
- Vid _Ldivad_Ld:nén méot VICP ciia d

c6 thé la: u=| uq,,ua, |.

— Ldp phuwong trinh mdt phdng (P) chita d
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va di, bing cdch:
+ Ldy mot diém A trén d.
+ Mot VTPT ciia (P) c6 thé la:

np = [u,udl ]
— Tuong ty ldp phuong trinh mdt phdng
(Q) chita d va do.
Khido d=(P) N (Q).
Loai 12: d 12 hinh chi€u cta dudng thing A 1én
mat ph:flng (P):
o d qua diém M la giao ctia A va (P)
VTICT ctua d la:

;td = [[;A,ﬁp],ﬁp}.

Loai 13: d di qua di€m M, vudng géc véi d;
va cit dz:
e Cdch 1: Goi N la giao diém ciia d va do. Ti
diéu kién MN _L di, ta tim duoc N.
Khi dé, d la duong thdng MN.
e Cdch 2:

— Viét phuong trinh mdt phdng (P) qua M
va vudéng goc vdi di.

— Viét phuong trinh mdt phdng (Q) chita
M va d>.

Khido d = (P) N (Q).

9. Khoang cach
e Khoang cach tir diem dén mét phang:

M(X;Yo:Z,) Va (a):Ax+By+Cz+D=0
0(M:(t)) = |AX, + By, +Cz, +D|

VA? +B* +C?
e Khoang cach tir mot diém dén mot dudng
thdng: Cho diém M va duong thing d qua M, c6

véc to chi phuong u. Khi do
‘[M oM. “]
ul
o Khoang cach giita hai duong thiang chéo nhau:

dM,d)=

Cho hai dudng thiang chéo nhau d;d,. d
qua M, co VTCP u, d; qua M, co
VTCP u, . Khi do:
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Trang 13
Lé Trung Kién

‘[;tl,;tz].Mle‘
(11,2
10. Goc
e Néu(a):Ax+By+Cz+D=0
thi () c6 mot VIPT n=(A;B;C)

X =X, +u,t

d(dy,d,) =

e Néud: {y=Y,+U,t hoic
Z=X,+Uusgt

X=X — A
o Y=Y _ 9 thidcomdt VICP
ul u2 u3

u=(u,;u,;uy)
. COS(d;d.)Z‘COS([jd;ad')
. COS((OL);(ﬁ))Z‘COS(ﬁ(q);ﬁ(B))‘
. Sin(d;(a)):‘COS(ad;ﬁa)
Chi § cing thice tinh gic gitta 2 véc o
a=(a;;ay;a3), b =(b;;b,5b5)
; aby +a,b) +a;b;

cos(a,b) =
202,02 2022
\/“1 +a) +a .\/b1 +b2 +b3

11. Vi tri twong ddi cia hai dwong thing
o D¢ xét vi tri tuong doi cua hai

duong thing
X=X, +U,t
d:dy =Y, +U,t, cOVTCP u=(U;;U,;u,), qua
z=7,+U,t
M(Xo: Y03 2o)
X=X',+u't'
d':qy=y',+u’',t' ,c6 VTCP
z=27'+u',t'

u'=(u';u';u'y)qua M'(X'O;y'o;z'o) ta lam theo cac
budc:
e Céach1:
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ol

THAE

N w0

dcitd <

—
=
£

L

H
'z

. IMM'=0

ud,ud,]M—M';ﬁO

Chu y dé nho cac cong thirc nay ta can dwa vao cdc
cong thirc:

1. Hai véc to 5, b cung phuong thi [5, 6] =0

dchéo d’ &

1

2. Hai véc to 5, b khong cung phuong thi
a;b =0

3. Ba vec to a,b,C ddng phing thi
[a:b|c=0

blc=0

4.Ba vec to a,b,C khong dong phéng thi
a;

e Céach2:
Buée 1. Néu 1Y =Y thi d tring d
Med'

Néu u'=ku thi d song song vai d’.
Megd'

Néu u'#ku chuyén sang budc 2.
Buére 2. Xét hé phuong trinh
Xo+ut=x"+u’, t'
Yo tu,t=y'+u',t'
Z,+ut=z"+u’yt’
-Néu hé phuong trinh vo nghiém thi d va d’ chéo
nhau

- Néu hé phuong trinh c6 nghiém duy nhit t, t’ thi
hai duong thang cat nhau.
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Trang 14
Lé Trung Kién

10. Vi tri twong ddi giita dwong thing va miat
phiang
X=X, +Uut
Chod:<y=y,+u,t va
Z=2Z,+Ut
(a):Ax+By+Cz+D=0 déxét vi tri trong dbi

cuadva (o) ta xét hé phuong trinh

X=X, +Ut
y=Yo+Ust
Z=27,+Uu,t

Ax+By+Cz+D=0
-Néu hé phuong trinh v6 nghiém thi d song song
(@)
-Néu hé phuong trinh ¢6 v6 s nghiém thi d nim
trong (o)

-Néu hé phuong trinh c6 mot nghiém thi d cit
11. Phwong trinh mét cau
e Phuong trinh mit cau tim

I(a;b;c) bankinh R Ia:
(x—a)2 +(y—b)2 +(z—c)2 =R?
Phuong trinh
X? +y? +12° —2ax—2by —2cz+d =0 1a phuon trinh
mit cau tam 1(a; b;c), ban kinh

R=+a?+b?+c>—d néua’+b?+c>—d>0

Chii dé 3: Thong Ké

I, S6 gin diing- Sai S6

1. S6 gan diing
Trong do dac, tinh todn ta thuong chi nhan
duogc cac sd gan ding.

2. Sai s6 tuyét doi
Néu a 1a sb gan ding cua s dung a thi
A = la-dl dgl sai s0 tuyét doi cua sO gan
dung a.

3. Pj chinh xac ciia mjt s6 gin diing
Néu A4 =la—al<d th a—d<a<a+d. Ta
noi a 1a ssb gan dung ciia @ véi d6 chinh xac
d, va qui udc viét gonla a=a+d.

4. Sai s6 twong doi
Sai s6 twong ddi cia sé gan dung a 1a ti s6
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gitra sai ) tuyét dbi va |a| ,kihi¢u 6, = |A—“| .
a
e 0, cang nho thi d§ chinh xéac cta phép do
dac hodc tinh toan cang 16n.
e Ta thudng viét & , dudi dang phan trim.

5. Qui tron s6 gin ding

e Néu chir s6 ngay sau hang qui tron nho hon
5 thi ta chi viéc thay thé chit s6 d6 va cac chir
s6 bén phai nd béi s6 0.
e Néu chit s6 ngay sau hang qui tron 16n hon
hay bang 5 thi ta thay thé chir s6 d6 va cac
chit s6 bén phai n6 boi s6 0 va cong thém mot
don vi vao chir s6 & hang qui tron.

6. Lam tron mét s6 véi dd chinh xac cho trwéce
D¢ lam tron mot s6 véi d§ chinh x4c cho trude
ta s& tim lity thira ctia 10 16n hon va gan nhat
voi d6 chinh xac dé 1am tron.

VD: d6 chinh xac d=3 thi ta s& lam tron dén hang
chuc do 3<10

Do chinh xac d= 200 thi ta s& lam tron dén
hang nghin vi 200<1000

Do chinh xac d=0.92 thi ta s& 1am tron dén
hang don vi vi 0.92<1

Chu y : D¢ chinh xac con c¢6 thé cho dudi dang
a=axd

I1, Cac s6 dic trung ciia mau sb liéu khong

ghép nhom

1, S6 trung binh cong

Giatri | x X, e X,
Tanso | n n, N,
Tén so6 PR LR P "
twong |t | 2 “
doi
S6 trung binh :
N X, +N,X, +...4+ N, X,

X =

= fx + £,% +..+ X,
n

Trong d6 N, 14 tan s6 clia gid tri X, va
n=n,+n,+..+n,.

2. S6 Trung Vi

Sap thur ty mau so6 1iéu gom n so6 liéu thanh mot
day khong giam (hodc khong tang).
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Trang 15
Lé Trung Kién

£ T S | B 3 R
- Néu n 1a I¢ thi so li¢u dung ¢ vi tri thi T (sO

dtng chinh gitra) goi l1a trung vi.
- Néu n 1a chan thi s6 trung binh cdng cua hai so

cn , PR L B C s .
li¢u dng ¢ vi tri thu > va §+1 goi la trung vi.

Trung vi ki hiéu la M,.

3. Ttr Phan Vi

Sap thr ty mau so liéu gom N so li€u thanh mot
day khong giam.

T phan vi cua mau s0 li¢u trén 1a bd ba gia tri: ti
phan vi thir nhat, tir phan vi thir hai va tir phan vi
thir ba; ba gia tri nay chia mau s6 liéu thanh bén
phan c6 s6 lwong phan tir bang nhau.

- Tt phén vi thir hai Q, bang trung vi.

-Néu N 14 s chin thi tt phan vi thi nhat Q
bang trung vi ctia nira diy phia dudi va t& phan vi
thir ba Q, bang trung vi cua nira day phia trén.
-Néu N 1a s6 1€ thi t& phan vi thtt nhat Q, bing
trung vi ctia nira ddy phia dudi (khéng bao gdm
Q,) va tir phan vi thir ba Q, bang trung vi ciia ntra
day phia trén (khong bao gom Q,).

4. Mot

Mot cua mau so li¢u 1a gid tri c6 tan so 16n nhat
trong bang phan b6 tan s6 va ki hiéula M

5. Khoang Bién Thién- Khoang Tt Phan Vi

- Trong mot mau so li€u, khoang bién thién 1a hi¢u
s0O gifra gia tri 16n nhat va gia tri nhd nhat ctia mau
s0 li¢u do.

Ta c6 the tinh khodng bién thién R cuia mau so
liéu theo cong thirc sau: R=Xx_,, — X, , trong do
X.a 1a g14 tri lon nhat, X .. 1a gia tri nho nhat cua
mau so liéu do.

- Gia st Q,Q,,Q, 1a tr phan vi cua mau s6 licu.
Ta goi higu A, =Q, —Q, la khoang tir phan vi, cua
mau s6 liéu do.

6. Phuwong Sai- Do Léch Chuan

Phuong Sai:

< n (% =%) +n, (% —%) +...+n, (X, —X)’
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Do 1éch chudn: Can béc hai cua phuong sai goi la
do léch chuan clia mau sd lidu thong keé.

I1I, Céc sb diic trung ciia mau sé liéu ghép
nhom

1, Bang tin s6 ghép nhém bao gdm ca tin sb
tich luy

Nhom Tansé | Tan so tich liy

[aa,) | ™ cf,=n

[a,;8,) | M cf, =n +n,

N, cf,=n+n,+..n
[am’am+l)

n

2, S6 trung binh c{ng ) trung binh

e Trung diém x, cua ntra khoang (tinh bang
trung binh cong cua hai dau mat) tng véi nhom i
Ia gia tri dai dién cua nhom do.

e S4 trung binh cong ciaa mau sé liéu ghép
nhom, ki hiéu X, dugc tinh theo céng thuc:
X +N,X, +...+N X

n

3, S6 Trung Vi

X =

Gia sir nhém k 1a nhom dau tién c6 tan sé tich luy
. < N n , N n

I6n hon hodc bang —, tac la c,, <— nhung
2 2

n . A P , re A

cf, > s Tagoi r,d,n, lan lugt la dau mat trai, o

dai, tan s6 caa nhém k; cf,_, 1a tan s6 tich luy cia
nhom k-1.

Trung vi caa mau sb lieu ghép nhom, ki hiéu
M, duoc tinh theo cong thuc sau:

M,=r+ 2——

e
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Trang 16
Lé Trung Kién

4, T Phan Vi
e Tirphanv; thirhai Q, bang trung vi M.
e Giasirnhém p la nhom dau tién co tan s6

e ~ |z - - n ’ Y f n
tich luy 16n hon hoac bang 7 tacla cf < 2 nhung

n _ . ; .
cf, > 7 Tagoi S,h,n  lan luot 1a dau mut trai, do
dai, tan s6 cua nhom p;cf ; 1a tan sé tich luy cua
nhém p-1.

T phén vi thir nhat Q, duoc tinh theo cong thirc

e Giasrnhoém Q 1a nhém dau tién ¢ tan sb tich

. 3n 3n
[u§ 16n hon hodc bang R tac la cf ; < " nhung

3n . X Y e an
cf, > R Tagoi t,1,n, lan luot 1a dau mut tréi, do

dai, tan s cua nhém q; cf,, 12 tan sé tich luy cua
nhém gq—1.
Tir phdn vi thir ba Q, dugc tinh theo cong thirc

5, Mot : Gia so nhém i la nhém c6 tan sb 1on
nhét. Ta goi Uu,g,n lan luot 1a dau mut trai, do
dai, tan s6 ctia nhom i;n_;,n . 1an lugt 14 tin s6
cua nhom i—1, nhdm i+1.

Mbt ctia mau s liéu ghép nhom, ki hiéu M_,

duogc tinh theo cong thirc sau:

MOZU{&J.Q,
20 =N =Ny
Chay: e Khi i=0 thi ny=0; eKhii=m thi

Ny =0

m-+
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6. Khoang Bién Thién- Khoang Tt Phan Vi
Xét mau s0 liéu ghép nhém cho boi bang:

Nhom Tansé | Tan sb tich liy

a;a,) |m |ch=n,

[a,;8,) | M cf, =n +n,
. n, cf,=n+n,+..n
[am'am+l)
n

Khoéng bién thién R cila mau s lidu theo cong
thiuc sau: R=a,,, —a
- Gia st Q,Q,,Q, 14 tir phan vi ctia miu sb li¢u.
Ta goi hiéu A, =Q; —Q, la khoang tr phén vi, cua
mau s6 lidu do. .
7. Phwong Sai- P§ Léch Chuan
Trung diém x, ctia nira khoang (tinh bang
trung binh cong cua hai ddu mat) tng voi nhom i
la gia tri dai dién ciia nhém d6. Khi do
Phuong Sai:
- nl(xl—i)2 +n, (X, —7)2 +o 40 (X —Y)z

n

S

D9 léch chuan: Can béc hai ciia phuong sai goi la
do léch chuan cua mau so li¢u thong ké.
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Lé Trung Kién

Chii dé 4: Nguyén ham, tich phén va ing dung

1. Bang cac nguyén ham- tich phan
e Cac nguyén ham co ban

a+1l

fx“dx: X +Ca#z-1l,aeR

a+1
jldx:ln|x|+C, JdX:X+C,
X

Iizdx=—i+c
X X

Icosxdx:sinx+C

J.sinxdx=—cosx+C

J—dx tanx+C

COos X

I—dx——cotx+C
sin” x

J.tanxdx = —1n|cosx|+C
Icotxdx=ln|sinx|+C

Iexdx:eX+C

Iade—a—+C a>00%1
Ina

e Cic nguyén ham thudng dung

I(ax+b)“dx:lM+C,a¢—1,aeR
a+1
1 b
[ g e
ax+b a
jcos(ax+b)dx:w+c
a
jsin(ax+b)dx=—w+c
a
1 1
_[24dx=—tan(ax+b)+c
cos“(ax +b) a
1 1
[———dx=—=cot(ax+b)+C
sin®(ax + b) a

https://www.facebook.com/letrungkienmath
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jtan(ax +b)dx = 1 1n|cos(ax + b)| +C
a
jco t(ax + b)dx = 1 1n|sin(ax + b)| +C
a

1
Jeax+bdx —_ eax+b + C
a

ax+b

jaax+bdx= +C,a>0, 021
alna

jdx_z&w

j 2dX zzlarctan§+C

Xx“+a° a a

J. 2dX 2=i11r1|x_a+c

x"—-a® 2a |x+a

I 2dx Zzilna+X+C

a”—x 2a |a—-Xx

= arcsm +C

I \/a -x?
b) Néu F(x) 1a mot nguyén ham f(x) thi
jf X )dx = F(x )‘ = F(b) - F(a)

¢) Tinh tich phan.

e Phwong phap doi bién sd
dang 1

b

I:_l.f(cp(x)).(p’(x)dx

t=@(x)=dt=¢'(x)dx
g(t) =(x)=g'(t)dt = ¢'(x)dx

e Phwong phap ddi bién s6
dang 2.
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I:jlf(x)dx

Dt X =(t). Véi ¢ 1a ham s6 c6 dao ham lién tuc
trén [o; B], trong d6 a =¢(a);b=@(B).Khi dé

=jlf (x)dx = jf [o(t)] ¢’ (t)dt

22 —x2 X =asint
1 a=tant
a’+x?
X2 —a2 X = i
sint

e Phuwong phap tich phan tirng phan

b b
Iudv:uv —Ivdu

Cha y:

{u=f( )
dv g

fa(x

{du f'(x )dx

THPT Nguyén Du-Thanh Oai-Ha Noi
b
S— ﬂf (x)—g(x)‘dx .

e Hamsoy=f(x)—g(x)khong
déi dau trén doan [a;b] thi :

TIF(x)-9(0kx = [ (x)-9 (x)ix

e Theé tich vat th€

Goi B 12 phan vat thé gi6i han bdi hai mit phing
vudng géc vdi truc Ox tai cic di€m cic di€m a
va b.

S(x) 1a dién tich thi€t dién cta vat thé bi cit béi
mit phing vudng géc v6i truc Ox tai di€m c6
hoanh d6 x (a <x <b). Gid st S(x) lién tuc trén
doan [a; b].

b
Thé tich cda B 1a: V = [ S(x)dx

e Thé tich V cua khéi tron xoay . )
khi quay hinh thang cong gidi han béi d6 thi ham so6
y =f(X) truc Ox va hai dudng thang x=a, x=b xung

b
quanh truc 0x dugc tinh: V = 7'5_“f2 (X) dx

J‘ dx | P(X)sinx P(x)cosx
U P(X) P(x)

Dv | Sinxdx | Cosxdx

j dx | P(x)e* P(x)Inx
u P(x) Lnx

dv e* dx P(x)dx

d) Ung dung ciia tich phén.
e Dién tich S cua hinh phang gidi
han bai d0 thi cia ham s6 y = f (X) lién tuc va truc

hoanh,x=a; x=b (a<b) dugc tinh theo cong thirc:
b

S = J|f (x)|dx

e Chohaihamsé y="f (X) va
y=g (X) lién tuc trén [a; b] . Goi D 14 hinh phang
gi6i han boi d0 thi hai ham s6 d6 va cac dudng thang
x=a, x=b. Khi d6 dién tich S ctiia D dugc tinh boi cong
thue:
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Chii dé 5: To6 hop- Nhi thirc Niu-Ton

1. Quy tic cdng

Mot cong viéc dugc hoan thanh bdi mot trong hai
hanh dong. Néu hanh dong nay c¢6 m cach thyc
hién, hanh dong kia c6 n céach thyuc hi¢n khong
tring voi bat ki cach nao ciia hanh dong thir nhét
thi cong viéc d6 c6 m+n céach thyuc hi¢n

2. Quy tic nhén

Mot cong vi¢c dugc hoan thanh béi hai hanh dong
lién tiép. Néu ¢6 m cach thyc thién hanh dong tha
nhat va tmg véi mdi cach d6 co n cach thuc hién
hanh dong thir hai c6 m.n cach hoan thanh.

3. Hoan vi

Cho tap hop a gdbm n phan tir (n > 1) . Mbi két qua
ctia sy sap xép thir tu n phan tir cua tap hop A
duoc goi la rpc}t hoan vi cian phér} tr do.

Ta ki ki¢u s0 cac hodn vi ciia n phan tir 1a
P,=n(n-1)..2.1=n!
4. Chinh hop

Cho tap hop A gdm n phan tir (n>1). Két qua cta

viéc 1dy k phén tir ciia tap hop A va sip xép ching
theo m¢ thtr tu nao d6 dgl mot chinh hop chép k
ctia n phan tir da cho.

Ta ki hiéu s6 cac chinh hop chap k ctia n phan tir

|
la: Ak: n!
il A PSY
5. To hop

Gidi sir tap hop A ¢ n phén tir (n>1). MGi tap
con g(k)m‘k phan tir cia A dgl mot t6 hop chap k

cua n phan tir da cho. .

Ta ki hi¢u so0 cac t6 hop chdp k cian phan tir la :

|
Ck — n-
" kI(n-k)!

k _ ~n-k. k-1 k _ prk
Cn_cn ’ Cn—l_'_cn—l_Cn

6. Cong thirc nhi thirc Niu-Ton
(a+b)" =Cla" +Cla" b +...+ Ca" *b* +...

n
+Cp'ab™ +Cb" =) Cra" *b"
k=0
e Nhic lai cac cong thuc lity thira

https://www.facebook.com/letrungkienmath
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a"=aa.a,a’=1 4" 1
n - an
i
B
a* . a*) =a*
(ab)” =a’b®
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Chi dé 6. X4c Suat

1. X4c Suét

Ki hi¢u Ngbn ngit bién cb
Q Khoéng gian mau
AcQ A 13 bién c6
A= A 14 bién c6 khong
A=Q A 14 bién ¢6 chic chin
C=AUB C 1a bién c6: “A hoic B”
C=ANB C la bién c6: “A va B”
ANB=Y A va B xung khic
B=A—0O\A | AvaB ddi nhau
2. X4c suit ciia bién cd

. |p(a)="A)

n(Q)

e P(9)=0,P(Q)=1, 0<P(A)<1

e A, B xung khic:
P(AUB)=P(A)+P(B)

e MJ rong: A, B bdt ki:

P(A UB)=P(A) + P(B)- P(A nB)

« P(A)=1-P(A)

e A va B la hai bién ¢ doc lap:
< P(ANB)=P(A).P(B)

3. Xac Suat c6 diéu kién

Cho hai bién ¢0 A va B . Xac suat cua bién cO A

THPT Nguyén Du-Thanh Oai-Ha Ngi
7. Cong thirc BAYES
Cho hai bién ¢ A va B véi P(A)>0, P(B)>O , ta
P(B).P(A|B)
P(A)
P(B).P(A|B)
P(B).P(A|B)+P(B)P(A[B)

c6: P(B|A)=

voi diéu kién bién co B da xay ra dugc goi la xac suat

ctia A véi diéu kién B, ki hi¢u la P(A|B). Néu

P(B)>0 thi P(A|B)= P(ANB) _n(ANB)

P(B) n(B)

4. Cong thirc nhin xac suit
Cho hai bién co A va B bat ki thi

P(ANB)=P(A)P(B|A)=P(B).P(A|B)

5. Cong thirc tinh phan bu
P(A|B)+P(A[|B)=1

6. Cong thirc x4c suit toan phan

Cho hai bién c6 A va B véi 0<P(B)<1,taco

P(A)=P(ANB)+P(ANB)

=P(B)P(A[B)+P(B)P(A|B)
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Chu dé 7: Mii, Lé-ga
1. Cac cong thire lity thira

a"=aa.a,a’=1 4" 1
n - an
T el =at
B
8% _ ap a*) =a*
(ab)” =a*b® a)’ a
b b*

2. Cac cong thirc Loogarit
log,b=a<=a”=b,
log,1=0
2'°%b _
log, (a*) =
Ina=log, a;
lgb=logb=1log,,b
log, (b;b,)=1log, b, +log, b,
log, (%j =log, b, —log, b,

2

log, b* =alog, b
log, b = EIoga b
n

log, b= log. b ;log, b.log,c=log, c ,
log,

log, b= L
log, a

log . b= 1 log, b,
o

3. Phwong trinh- Bit phwong trinh mii.
a)Phwong trinh mii
e Dang co ban:
a“=b (a>0,a=1)
néu b<0 phuong trinh v6 nghiém, néu b>0
phuong trinh c6 nghiém duy nhat x = log, b
e Puwa vé cing co sb
a'™ =a?™ <= f(x) =g(x)
e Pit dn phu
Dang 1: Aa™ +Ba*+C=0 dat

https://www.facebook.com/letrungkienmath
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t=a"(t>0) phwong trinh tr¢ thanh

At?+Bt+C=0
Dang 2:
Aa” +B(ab) +Cb> =0

2X X
@A.(Ej +B[ij +C=0
b b

Pat t:(%j (t>0)
Dang 3:
Aa*+Bb*+C=0 vdi ab=1

hodc a*.b* =1 tadat t=a" (t>0). Khi do b*

e Loogarit héa
Véi M,N>0vaa>0,a=1

M=N < log, M =log, N
2" =M & f(x)=log, M
b)Bit phwong trinh mii
e a>1:a"™>a% < f(x)>g(x)
e O<axl
a'™ >a'™ < f(x) <g(x)
o ChUy b=a™:®

4. Phwong trinh- Bit phwong trinh logarit
a)Phuong trinh logarit
e Dang co bin

log, x=b< x=a"(a>0,a=1)
Cha y: didu kién log, £0q) 12 11 090
u y: di€u Kien
Y 1 100, a>0;a=1

e Duwa veé cung co s0

f =
g, F(x) = log, 9(x) < { f ((XX)) 9%
{f(x) =904
f—
g(x)>0

e Pit in phu
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Dang 1:
A(log, x)? +B(log, X)+C =0

dit t=log, x < At* +Bt+C=0,
chay (log, b)2 =log’ b

Dang 2:

Alog, x+Blog, a+C=0 dat

t=|ogax<:>logxa=%(x>0,x¢l)

e Mi hoa
log,b=c<b=a°

b)Bit phwong trinh 16garit
o a>1
f(x) <
l0g, F(x) < log, (<) @{ B =9(x)

f(x)>0

e O<axl
l0g, F(x) < log, (<) @{f(x)zg(x)
g(x)>0

5. BAI TOAN LIEN QUAN PEN LAI SUAT
5.1.LAI KEP: 1a tién 1ai ciia ki han trudc néu
nguoi gii khong rat ra thi dwoc tinh vao von dé
tinh 1ai cho ki han sau.

Cong thire tinh : Khach hang gt vao ngan hang
A dong voi 13i kép r%/ki han thi sb tién khach
hang nhén duogc ca von 1an 13 sau n ki han
(neN")la: s, =A(L+r)" (0.2)

5.2.TIEN GUT HANG THANG :Mbi thang gt
dung cing mot sd tién vao mot thoi gian ¢b dinh.
Cong thirc tinh : Pau mdi thang khach hang gii
vao ngan hang sb tién A dong véi 1ai kép 1% mot
théang thi s tién khach hang nhan dwogc ca von 1dn
lai sau n thang(neN”) Ia:

S, :i:[(n ) -teer) 03

5.3.GUI NGAN HANG VA RUT TIEN GUI
HANG THANG.

Céng thire: Gui (vay) ngén hang s6 tién A dong
voi 13i sudt 1% mot thang Mobi thang vao ngay

ngan hang tinh 14i, rat ra ( tra) sb tien X dong.

Tinh s6 tién con lai sau n thang 14 bao nhiéu?

https://www.facebook.com/letrungkienmath

THPT Nguyén Du-Thanh Oai-Ha Ngi

Cong thic sb tién con lai sau n thang la:
(1+r)" -1

r
Chii y: Néu bai todn cho théng giti A dong, moi
thang giti thém X dong thi ta thay triede X thanh
ddu cong trong cong thirc
54.BAI TOAN TANG LUONG: Mot ngudi
duoc lanh lwong khoi diém 1a A dong/thang. Cir n
thang thi luong nguoi d6 dugc ting thém 1%
/thang. Hoi sau nk thang ngudi d6 duoc linh tit ca
bao nhiéu?

S, =A(l+r)" = X.

1+r) -1

Cong thuc tinh: S, = Ak.( (0.6)

r
5.5.BAI TOAN TANG TRUONG DAN SO
Coéng thitc S = Ae™ . n: sau n thoi gian, r: Ti 1é
tang.S: tong sO dan sO sau n nam.
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Chii dé 8. Ham s6 lwong gidc va phwong trinh
lwgng giac
1. Géc lwgng gia. Gia tri lwong giac cia goc
lwgng giac

e Quan hé giira d§ va radian

1°=-"rad va 1rad = 180 .
180 T

e Géc lugng giac va sé do cia ching

Khai niém: Trong mit phang cho hai tia Ou, Ov.
Néu tia Omquay chi theo chiéu duong (hay chi
theo chiéu am) tur tia Ou dén triung voi tia OV,
thi ta ndi: tia Om quét mot goc lwgng giac voi tia
dau Ou,, tia cudi OV va ki hidu la (Ou, Ov).
Nhan xét: Goc lugng giac (Ou, OV) chi dugc xac
dinh khi ta biét duoc chiéu chuyén dong quay cua
tia Om tir tia ddu Ou dén tia cudi Ov . Ta quy
udc: chiéu quay ngugc véi chidu quay cia kim
dong hd 1a chiéu dwong, chiéu quay cing voi
chiéu quay ctia kim dong ho 1a chiéu am.

Khi tia Omquay géc a° thi ta n6i goc lugng giac

ma tia d6 quét nén co sd do a° hay ( % rad ). Vi

thé, mdi mot goc luong giac déu co 1 s6 do, don vi
do goc luong giac 1a do hodc radian. Néu gdc
lwgng gidc (Ou, OV) c6 s6 do la @ thi ta ki higu
la sd (Ou, Ov)=a hoic (Ou, Ov)=a.

Cho hai tia Ou, Ov thi c6 v6 sd goc lwong gidc
tia ddu Ou , tia cudi OV . Mdi goc lwong gidc
nhu thé déu ki higu 1a (Ou, Ov).S§ do ciia cac goc
luong giac nay sai khac nhau mdt bdi nguyén cua
360°

e H¢ thuc Chasles:
(Ou; Ov)+(Ov; Ow) = (Ou; Ow)

e Dinh nghia cac gia tri lwgng giac

Cho (0OA,OM) =« . Gia st M(x;y).
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sin

7]
-

cosa:x:g-l

sina=y=0K

tanoz:SHwZZIHw [a¢£+k7zj
cosa 2

cota=cf)sa=B_S (o # k)
sin

2.Cac hing dang thirc lwong giac co ban
sin® x +cos’x =1

1+tan®x =———,1+cot’ x =—
C0S“X sin® x
sin X COS X
tanx =——,cotx =——,tanxcotx =1
COS X sinx

3.Cong thirc cong lugng giac
sin(a+b)=sinacosb+cosasinb

cos(axh)=cosacosbFsinasinb

_ tanazxtanb

“1ftanatanb
4.Cong thirc cung nhan doi
sin2a =2sinacosa

tan(a+b)

cos2a = cos’a—sin‘a=2cos’a—1
=1-2sin%a

Chl y: Néu dit tan g —t thi ta c6:

, 2t 1-t
sinx = >, COSX = >
1+t 1+t
2
tanX:—Z,Cotx—1 t
- 2t
5.Cong thirc ha bac
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1+ cos2a .

5 1-cos2a
cos a:T; sina=—""%

2
6. Cong thirc cung nhan ba

sin3a =3sina—4sin®a;

cos3a = 4cos®a—3cosa
7.Cong thirc bién doi tong thanh tich

a+b a-b
cosa+cosh = 2cos 5 COS 5

. (a+b) . (a-b
cosa-Ccosh =-2sin 5 sin 5

] ] . (a+b a-b
sina+sinb=2sin 5 cos 5

sina—sinb = 2cos a+h sin[a_bj

2 2
8.Cong thirc bién doi tich thanh tong.

1
cosacosb=§[cos(a—b)+cos(a+b):|
) ) 1
b==[cos(a—b)- b
sinasin 2[cos(a )—cos(a+ )]

) 1-. ]
bh== -b b
sinacos 2[sm(a )+sin(a+ )]

9.Gia tri lwgng giac cia cac goc lién quan.

10. Ham sb lwgng giac
e Neutk e Dthi—x e Dva

Géc | —Q -0 | = T+0
}H\G 2
Sin —sina sinae | COSAL | —sina
Cos cosa —COSa | sina | —COSQu
Tan —tana | —tana | cota | tana
Cot —cota | —cota | tano | cota
Goc | « ps oa-r
}N\G E+a a—E
Sin . COSaL —CO0SQL | —sina
Cos —sina. | Sina —CoSa
Tan —Cota | —cota | tana
Cot —tano | —tano | cota

f(—x) = f(x), VX & D thi fla ham sé chan.

o Néu vx eDthi—x eDf(-x)
D thi f'la ham so le.
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o Chohimsé y=f (X) v6i tap xéac dinh D.
Ham s6 Y= f( ) dugce goi 13 ham tuin
hoan néu ton tai mot s6 T khac 0 sao cho

v6i moi x thuéc D ta co:

x+T eD;x-TeD; f(x+T)=f(x)

So duwong T nho nhdt théa man ( néu cé ) cac
tinh chat trén dwoc goi la chu ki ciia ham sé
tuan hoan dé.

e D) thi ham sb chin nhan truc tung 1a truc
dbi xtmg, d6 thi ham sé I¢ nhan géc toa do
lam tam di xing

Tap xac dinh ham sé y =sinx; y =cosx 1a
D=R

Tap xac dinh ham s6 y=tanx la

D:R\{%+k7z, keZ}

e Tap xac dinh hamsé y=cotx la
D:R\{kﬂ, k eZ}

e _l1<sinx,cosx<1

e Hamsd y=cosx 1a ham sb chin, ham s

y=sinx,y=tanx, y =cotx la cachamsé l¢.

e Hamsd y=sinx,y=cosx la ham tuan
hoan véi chu ki 27

e Hamsb y=tanx, y=cotx la ham tuan
hoan vaéi chu ki 7

11.Phuong trinh sinx=a
|a| >1 phuong trinh v6 nghiém
sina=a

la] <1 ¢6 goc o L

2 2

x)=n-g(x)+k2n’
e (Céc truong hop dac biét
sinx:1<:>x:g+k2n,keZ

sinx=0= x=kn,keZ
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SinK=—le X=—24+k2n.keZ

12.Phwong trinh cosx=a
. |a| >1 phuong trinh v nghiém
. coso. =a
o |a|<1cogéc a:
O<a<m

o cosf(x)=cosg(x)

f(x)=g(x)+k2n
_[fe0=00)eken
f(x)=-g(x)+k2n
e Cac truong hop dac biét
cosx =1 x=k2n,keZ
cosx:0<:>x:§+kn,keZ
cosx=-1< x=n+k2n,keZ
13.Phwong trinh tanx=a
° Dk:x¢g+kn,keZ
tana=a
e Ludbncdgoe a:qy g T
——<o<—=
2 2

tanf (x)=tang(x)
< f(x)=9g(x)+knkeZ

14.Phuong trinh cotx=a
e DPkixzkmnkeZ
. {cotoc =a
e Lubncogoc a:
O<a<m
e cotf(x)=cotg(x)
< f(x)=g(x)+knkeZ

15. Phwong trinh bic hai d6i véi mot ham sé
lwgng giac

THPT Nguyén Du-Thanh Oai-Ha Ngi

16. Phwong trinh bic nhit theo sinx va cosx
dang: asinx+bcosx=c

e Chia hai vé phuong trinh cho Va’+b* ta
duoc:
Lsinx + cosx =
v a’ +b*
e Dat:

b c
\/a2+b2 \/a2+b2

b

\/a2+b2

cosa = ,sina =

4

Na? +b*
(oc € [O, 27r])

Phuong trinh tr¢ thanh

c

\/a2+b2

cosS@.sin x +SIn¢.CoS X =

c

\/a2+b2

e Diéu kién dé phuong trinh c6 nghiém la:

S sin(x+a) =

C

Va? +b?
17. Phwong trinh dang cip bic hai véi sinx va

cosx dang: asin® x+bsinxcosx+ccos*x=d
e Kiém tra cosx = 0 c6 thoa man khong

<1 & a?+b* >

Luuy:cosx =0 < x=§+k7z

2x=1 & sinx =*1.

& sin
e Khi cosx # 0, chia hai vé phuong trinh cho
cos>x #0 ta duoc:
a.tan’ x+b.tanx+c = d(lthan2 X)

18. Phuwong trinh doi xirng véi sinx, COSX

Dang bit | DiéuKién Dang 1:
asin®x+bsinx+c=0 |L=sinx | —1<r<1I a.(sinx + cosx) + b.sinx.cosx + ¢ =0
acos x +bhcosx+c =0 |t=cosx | —1<r<1 OBét:tzcosx+sinx;|t|S\/5.
Vid = 2 = 1+2sinx.cos x
5 _ x#—+kr
atan” x+btanx+c =0 | t=tanx 2 — sinx cosx=l(t2—1)
(ke Z) ' 2 '
acot? x+bcotx+c =0 | = COX x#kn (keZ)

https://www.facebook.com/letrungkienmath
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e Thay vao phuong trinh ta dugc phuong trinh
bac 2 theo t. Chu y:

CoSXx+sinx = \/Ecos(x—gj

=2 sin(x+£]
4
Dang 2:

a.(cosx - sinx) + b.sinx.cosx + ¢ =0

=

e Pat: r=cosx—sinx;
= > =1-2sinx.cosx

= sinXx.cosx = %(l—tz).

e Thay vao phuong trinh ta dugc phuong trinh

bac 2 theo t
Chuay:
cosx—sinx = \/Ecos(x+§j

) T
=—+/2sin| x——
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Chii dé 9 : Day s6- Cap s6 cong-Cip s6 nhan
1. Day so
a. Day s6

u:N* >R
n e un)
Dang khai trién: (un) = ui, uz, ..., Un, ...
b. Day so ting, day sé giam
e (un) la day s6 ting
S Un+1 > un voi V'n € N*,
S un+l — un > 0voi V'n € N*
& S yGi Vi e N (> 0).
un
o (un) la day s6 gidm
S un+l < Un VOi Y € N*,
S un+l — un< 0voi V'n € N*
& m<1 voi Yn € N* (un > 0).
un
c. Day sé bi chian
e (un) la day s6 bi chan trén < IM € R: un <
M, Vn € N*
e (un) la day s6 bi chdn dudi <> Im € R: un
>m, Yn e N*
e (un) la day sé bi chin < 3m, M e R: m <
un <M, ¥n € N*
2.Cap sb cong

a. Pinh nghia: (u.) la cdp s6 cong
Sun+l = un+d, Vn € N*

(d: cong sai)

b. S& hang tdng quat:

u, =u +(n-11d voin=>2
c. Tinh chat cdc sé hang:
u,  +u
u, =21kl véik >2
2
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d. Tong n s6 hang dau tién:
n(u, +u
S, =u +uy,+.+u, :¥=
n[ 2u; +(n—1d |
2

3. Cdp 56 nhén
a. Dinh nghia: (un) la cdp s6 nhdn < un+i

= Un.q vdin € N* (q: cong boi)

A ~ Ze. _ n—1
b. S6 hang tong quat: u, =u.q
voi n>2
c. Tinh chat cdc s6 hang:
2 _ .
U, =Uy_ Uy, voik >2

d. Tong n s hang diu tién:

S, =nu, voi g =1
u,(1-q"

s, =079 g
l-¢
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Chii dé 10 : Gi6i han
1. Gi6i han hitu han cia day so
a. Gioi han ddc biét:

lim l =0;
n—+oo n

lim L=0 (keZ™b)
n—+o0 I’lk

lim ¢" =0 (gl <1);

n—+o0

lim C=C

n—>+o0

b. Tong ciia cdp s6 nhan lii vo han

u
S=ur+uq+ug + .= 1—1 (|q|<1)
—q
2. Gi6i han vo cuc cia day so
a. Gidi han ddc biét:

lim«/n =+ limn* =40 (ke Z")

limg" =+ (g >1)

b. Dinh li:
[ ] i:0
o0
o« L_u a#0
0
e gowo=w a=#0

* Khi tinh gioi han c6 mdt trong cdc dang vo
0
dinh: —, 2 co— o0, 0.00 thi phdi tim cdch khit
o0
dang vo dinh.
3. Giéi han hitu han cia ham s¢
a. Gidi han ddc biét:

lim x=x,; limc=c (c: hang so)
X—)XO x—)xo
b. Gidi han mot bén:
lim f(x)=L
x—)xo
& lim f(x)= lim f(x)=L
x—x, x—x,"

4. Giéi han vé cuc cia ham so
a. Gidi han ddc biét:
ko
=+4o00; lim x
x—>—00

lim x

k |40 néu k chin
X—>+00

—o0 néu k 1é

https://www.facebook.com/letrungkienmath
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lim <=0

lim c=c;
xX—>*oo xk

X—>t0

b. Dinh li:

* Khi tinh gioi han c6 mdt trong cdc dang vo
., 0 o .
dinh: —, - 00— oo, 0.c0 thi phdi tim cdch khir
dang vo dinh.
5. Ham so lién tuc
a. Ham s6'lién tuc tai mot diém:
y = f(x) lién tuc tai xo

& lim f(x) = [(x)

X—)XO

& lim f(x)= lim+ S =f(xy)

XX X—X
0 0

b. Néu y = f(x) lién tuc trén [a; b] va f(a). f(b)< 0
thi ton tai it nhdt mot sé’c € (a; b): fic) = 0.
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Chi dé 11: Hinh hoc khéng gian
I. Quan h¢ song song

1. Hai dudng thing song song
a) Pinh nghia:

a,bc (P)
e i)

b) Tinh chat

(P)#(Q)#(R)

P)Nn(Q)=a a,b,c dong qui
(P)N(R)=D aflbffc
O@)N(R)=c

(PYN(Q)=d {

djfal/b

* (P)Da,(Q)Db= d=a(d=b)

allb
a#zb
b
’ {a//c,b// =l
2. Pudng thing va mit phing song song
a) Pinh nghia: |/ (P) d N (P)= &
b) Tinh chat

,daP).d )
{d//d' =d [/ (P)

L ldn e p
{(Q) S dQ) Py =a N
LPn@=d _
{(P)// a0 a0
3. Hai mat phing song song
a) Pinh nghia:(P) // (0) < (P) N (Q) = J
b) Tinh chat
(P)>a,b
elanb=M  =(P)/(Q)
a/l(Q).b]l (Q)
(P)=(Q)
e (P) ) (R)=(P) // (Q)
Q) /) (R)
Q) /) (R)
e\ (P)N(Q)=a=a /b
(P)N(R)=b

4. Chitng minh quan hé song song

a) Chitng minh hai dudng thiing song song

https://www.facebook.com/letrungkienmath
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C6 thé st dung 1 trong cdc cich sau:

e Chitng minh 2 duong thdng dé dong phdng, roi
dp dung phuong phdp chitng minh song song
trong hinh hoc phdng (nhu tinh chdt duong trung
binh, dinh li Talét ddo, ...)

e Chitng minh 2 duong thding dé ciing song song
vdi duong thdng thit ba.

e Ap dung cdc dinh li vé giao tuyén song song.
b) Chitng minh dudng thing song song véi
mit phiing

Pé chitng minh d J| (P), ta chitng minh d khong
ndm trong (P) va song song véi mot dwong thdng
d’nao dé ndm trong (P).

¢) Chiing minh hai mit phing song song
Chitng minh mdt phdng nay chita hai duong
thdng cdt nhau lan lugt song song véi hai duong
thdng trong mdt phdng kia.

I1. Quan hé vudng goc

1. Hai dudng thing vudng géc
a) Pinh nghia: @ £ b < (a,b)=90°
b) Tinh cha't

{b// ¢

=alb
alc “

2. Pudng thing va mit phiing vudng géc
a) Pinh nghia: 4 / (P) & d L a, Va c(P)
b) Tinh chat

Piéu kién d€ dudng thing L mit phing:

a,bc(P),anb=0
{cua,cub =d L)
. Jallb

{(P)J_a:(P)J_b

azb
a1 (P),b 1 (P)

-{ =al/lb
. {(P)// @ 410

al(P)

(P)#(Q)
Pty La= PV(©@
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Lé Trung Kién

L Jay
{bJ_(P):bLa

.{‘“Z(P) —a// (P)

alb,(P)Lb
e Mit phing trung truc cia mot doan thing 12
mit phing vudng géc vdi doan thang tai trung
di€ém cda né.
Mdit phdng trung tricc ciia doan thdng la tdp hop
cdc diém cdch déu hai dau miit ciia doan thdng
do.
¢ Dinh li ba duong vudng géc
Cho a £ (P),bc(P), a' 1a hinh chi€u cida a trén
(P).Khid6 bla<bla’
3. Hai miit phing vudng géc
a) Pinh nghia:(P) L (Q) < [ P;d;Q ]=90°
b) Tinh chat
e Diéu kién d€ hai mit phing vudng géc véi

nhau: {(P )24 (py | (0)

al(Q)

o J(P)LQ)(P)N(Q)=c
{aC(P),aJ_c —al@

(P)L(Q)
e 1 Aec(P)
axA,al(Q)

=ac(P)

(P)N(Q)=a
*(P)L(R)

Q) L(R)

4. Chiing minh quan hé vudng goéc

=al(R)

a) Chitng minh hai duong thang vudng géc

P& chitng minh d L a, ta c6 thé st dung 1 trong
cac cich sau:

e Chitng minh géc gitta a va d bdang 90°.

e Chitng minh 2 vecto chi phuong ciia a va vuéng
goc voi nhau.

e Chitng minh d 1. b ma b /| a.

THPT Nguyén Du-Thanh Oai-Ha Ngi

o Sit dung cdc tinh chdt ciia hinh hoc phdng (nhu
dinh li Pi—ta—go, ...).
b) Chiing minh dudng thing vudng géc véi

mat phﬁng

P& chitng minh d L (P), ta ¢6 thé chitng minh
bdi mot trong cdc cach sau:

e Chitng minh d vuéng géc véi hai dwong thdng
a, b cdt nhau ndm trong (P).

e Chitng minh d vuéng goc voi (Q) va (Q) // (P).
e Chitng minhd//ava a L (P).

e Chitng minh d c (Q) voi (Q) L (P) va d vuong
gbc Vvdi giao tuyén c cia (P) va (Q).

e Chitng minh d = (Q) N (R) vdi

(Q) L(P)va (R)L(P).

¢) Chiing minh hai mit phing vudng géc

Pé€ chitng minh (P) L (Q), ta ¢6 thé chitng minh
bdi mot trong cdc cach sau:

e Chitng minh trong (P) c6 mdt duong thdng a
maa_L(Q).
e Chuing minh [ P:d:Q | =90"

I11. Goc — Khodng Cach

e Chitng minh d vuéng goc vai (P) va (P) chita a

e Sit dung dinh li ba duong vudng goc.

https://www.facebook.com/letrungkienmath

1. Géc
a) Goéc giita hai dudng thing:

alla’, bib' = (a,0) = (a',b")
Chi §: 0°< (a,5) <90°
b) Géc giita dudng thing véi mit phiing:
e N&u d L (P) thi (4,(P)) = 90°.
e NEu d £ (P) thi (d,(P)) = (d,a") véid'1a
hinh chi€u cta d trén (P).
Chiy: 0°< (4,(P)) <90°

¢) Goc nhi dién

https://sites.google.com/site/letrungkienmath
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[P.d.Q|=[M.d.N|=AOB

-Ta thuong quy bai toan vé tim duong thang AB
khong cat va vudng goc voi d, khi d6 O 1a hinh
chiéu cia A hodac B lén d

- Trong truong hop st dung toa d6 hoa

Tim H, K 1& hinh chiéu cia M,N 1én d khi do:
[P.d.Q|=[M.d.N|=AOB = (HM:KN)

2. Khoang cach

a) Khoang cach tit mét di€m d&€n dudng thing
(mdt phdng) bing dé dai doan vudng goc vé tix
diém dé dén dwong thdng (mdt phdng).

b) Khoang cich giita dudng thing va mat
phing song song bding khodng cdch tir mot diém
bat ki trén duong thdng dén mdt phdng.

¢) Khoang céch giita hai mat phing song song
bang khodng cdch tic mot diém bdt ki trén mdt
phdng nay dén mdt phdng kia.

d) Khoang cach giita hai dudng thing chéo
nhau bing:

e Do dai doan vuéng goc chung cua hai duong
thdng do.

e Khodng cdch gita mot trong hai duwong thdng
vdi mdt phdng chita duong thdng kia va song
song vdi duong thdng thit nhat.

e Khodng cdch giita hai mdt phdng, ma mdi mdt
phdng chita duong thdng nay va song song vdi
duong thdng kia.

Chay: Cho chdp S.ABC c6 3 canh SA,SB,SC doi
mot vuong goc. Chiéu cao SH tue S dén (ABC)

https://www.facebook.com/letrungkienmath
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dwoc tinh boi cong thire:
1 1 1 1

= + +
SH? SA®? sB? sc?

VI. Nhic lai mét sé cong thirc hinh hoc phing

1. Hé thi'c lugng trong tam giac

a) Cho AABC vudng tai A, c6 dudng cao AH.
e AB® + AC? = BC?
e AB®> =BC.BH, AC?> =BC.CH
1 1 1
. _
AH?

~AB? T AC?
b) Cho AABC ¢6 @0 daiba canhla: a, b, ¢; do
dai cdc trung tuyén la ma, mp, me; bdn kinh
duong tron ngoai tiép R; bdn kinh duong tron noi
tiép r; nita chu vi p.
e Dinh li hAm s6 cosin:
a’=b® +¢? — 2bc.cosA
e Dinh Ii him s& sin:

a b c

- =— =— =2R
sinA sinB sinC

e Cong thitc do dai trung tuyé&n

2_l72+c2 a?

“ 2 4

m

b

2. Cac cong thic tinh dién tich

a) Tam giac:

LI :ia.ha :lb.hb :Ec.h
2 2 2

c

oS :%bcsinAzlca.sin B =%absinC

o g abc
4R
oS:pr

» $=\lp(p-a)(p-b)(r=c)
e AABC vuodng tai A: 25=AB.AC =BC.AH
a®\3

e AABC déu, canha: S = 2
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b) Hinh vudng: S = a ’(a: canh hinh vuéng)
¢) Hinh chit nhét:S = a.b(a, b: hai kich thudc)

d) Hinh binh hanh: S = ddy xcao =
AB.AD.sinBAD

e) Hinh thoi: S=AB.AD.sinBAD = %AC.BD f)

f) Hinh thang: S = %(a +b)h

(a, b: hai dady, h: chiéu cao)
V. Céc cong thirc tinh thé tich:

1. Thé tich cia khéi 1ap phwong, hop chit

nhit:

Cong thuc tinh thé tich hinh lap phuong: V = a®
(véialadodaicanh)

Cong thuc tinh thé tich khdi hinh hop chir nhat

v6ia, b, ¢ 1a ba kich thudc ciia khdi hop

chir nhat.

2. Thé tich ciia khdi chép:

1 N
V= édey b v6i Sady 1a dién tich ddy, A 1a chieu
cao ctia khdi chép

3. Thé tich ciia khdi chép cut déu:
1
V= §h.(sl 88, +5,)

4. Thé tich ciia khdi ling tru:

V= dey

.h v6i Saay 12 dién tich ddy, h 12 chiéu
cao clia khdi ling tru

5. Mgt s6 &ch tinh thé tich khdi da dién

a) Tinh thé tich biing cong thirc

b) Tinh thé tich bing cach chia nhé

Ta chia khéi da dién thanh nhiéu khéi da dién

nhé ma cé thé dé dang tinh dugc thé tich ciia
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chiing.

¢) Tinh thé tich bing cach b sung

Ta c6 thé ghép thém vao khoi da dién mot khoi
da dién khdc sao cho khdi da dién thém vao va
khéi da dién mdi tao thanh cé thé dé tinh dugc
thé tich.

6. Cac hinh thwong gap:
e Hinh chop 14 hinh chép déu néu n6 c6 day
1a da gic déu, canh bén bang nhau va c6 chan
dudng cao trung vdi tdm cia day.
e Hinh chop cut 1a hinh tao boi
thiét dién song song véi day cat cac canh bén cua
hinh chop va day.
e Hinh chop cut déu 14 hinh chép
cut hinh thanh do cét hinh chop déu.
e Hinh tr dién 14 hinh chop tam gidc
e Hinh tir dién déu 14 hinh chép
tam gidc c6 bdn mat 1a cac tam giac déu.
e Hinh lang try 13 hinh gém hai
day 1a hai da gidc bang nhau nam trén hai mat
phing song song, cac canh bén song song va bang
nhau. Tuy theo day cua hinh lang try 1a tam giac,
tur gidc ....ta ¢6 hinh lang tru tam giac, tr giac...
e Hinh lang tru c6 day la hinh binh
hanh dugc goi 1a hinh hop.
e Hinh lang tru dimg 1a hinh lang
tru c6 cac canh bén vudng goc voi mat day. DB dai
canh bén 1a chiéu cao cta hinh ling tru dimg.
e Tuy theo day cua hinh lang tru
ding la tam gidc, tir giac... ta ¢6 hinh lang tru
dirg tam giac, hinh lang tru dirng ngti giac...
e Hinh lang tryu dimg c6 day la da
gidc déu dugc goi 12 hinh ling try déu.
e Hinh lang tru dimg c6 day la
hinh binh hanh dugc goi 1a hinh hdp dung.
e Hinh lang tru ding c6 day la
hinh chir nhat dugc goi 1a hinh hop chit nhat
e Hinh lang tru dimg c6 day 1a
hinh vuéng cic mit bén déu 1a hinh vudng duoc
goi 1a hinh 14p phuong.
Chii y: Pa gide déu la da gidc c6 cdc canh va cdc
géc bang nhau.
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Chu dé 12: Phwong phap toa dd trong miit
phiang
1. H¢ truc toa d¢

e M(X,y)=OM=xi+y.j

o u(xy)eu=xity.j
2. Toa d§ véc to, cac phép toan véc to

e Cho hai diém A(X,;y,) va
B(Xg:Ys). Taco: AB=(Xg—Xa;Ys—Ya)

e Cho u(ug;u,),v(v;;V,) . Khido
utv(u, £u,;v, £v,);ku = (ku;ku, ), ke R
- - u, =V
u=v @{ Lo

u,=V,
3. Toa d9 trung diém, trong tim
e Toa do trung diém I cua AB, trong tam G

cua tam gidc ABC dugc tinh theo cong thuc.
X+ Xp X X+ Xg T Xe

X, = =
! 2 ¢ 3
_YatVe' _YatVetYe

Y 5 Yo 3

4. Biéu thirc toa dd ciia tich vé hwéng
e Trong mat phang toa do cho

5:(Xl;yl) va B:(xz;yz). Khi
ab=x.x,+y.y,
‘5‘ =1/X12 +y12
€1J_B<:>xl.x2+yl.y2 =0

XX, +Y.y,

2 2 2 2
\/X1 +y, .\/x2 +y,
J Khoéng céch giﬁa hai diém

AB = (x, - -v.)

5. Phuong trlnh tham s0 cila dwong thz?ing.
e Duong thing A qua diém M(X,;Y,)

COS(E;B) =

co VTCP G(ul; uz) thi A c6 phuong trinh tham

. X=X, +ut
s6 A: teR (1)
y=Y,+Uupt

e Motsdchiy:
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1.VTCP la véc to #0 ¢6 gia song song hodc
trung voi duwong thang.
2.Néu A c6 VTPT n=(a;b) thi A c6 VTCP

i (-bia)

3.Néu A cé hé sé géc k thi A ¢é mét VICP
u=(Lk)

4.Néu phuwong trinh dwong thang cho ¢ dang (1)
thi n6 c6 mot VTCP u =(u;Uu,)

5.Hai duwong thding song song co cung VICP

6.Hai dwong thang vuong géc thi VIPT cua
dwong nay la VICP cua duong thang kia.

~ teR; Oy:{x teR
y=0 y=t
6. Phwong trinh tong quat ciia dwong thang
e Phuong trinh A:ax+by+c=0 (2) dgl
phuong trinh tong quat cia duong thing
e Duong thing A qua diém M (X0:Yo)

7.PT Ox:{

c6 VIPT n= (a;b) thi A c6 phuong trinh tong

quat A:za(x—X,)+b(y—y,)=0
e Mot sd chiy:
1.VTPT la véc to #0va vuong goc voi VICP.
2.Néu A c6VTCP u=(a;b) thi A c6 VTPT

n=(-ba) .
3.Néu A c6 hé sé goc k thi A ¢é mét VIPT
n=(k;-1)
Phuwong trinh dwong thang A qua
M (XO; yo)cé hé s6 goc k c6 dang

y=k(X=X,)+Y,
4.Néu phuwong trinh dwong thang cho ¢ dang (2)
thi né c6 mot VTPT n =(a;b)
5.Hai dwong thang song song co cung VIPT.
Phuong trinh A ax+by+c=0, néu A|| A" thi
phuong trinh A':ax+by+m=0, m=c
6.Hai duong thang vuong goc thi VTCP cua

dwong nay la VIPT ciia dwong thang kia.
7.PT Ox:y=0; O0Oy:x=0

Cac Truong Hop Dac Biét Ciia Phwong Trinh
Tong Qudt A: ax+by+c=0
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e Khi c=0 duong thang di qua gdc toa do

e Khi a=0 duong thang song song hoac tring
VGi truc Ox

e Khi b= 0 dudng thang song song hoic
trung vai truc Oy

e Néu A qua A(a;0) va B(O;b) voi a,b

khac 0 thi phwong trinh d c6 dang:

XY _1 (PT doan chén)
a b

7. Vi tri twong d6i ciia hai dwong thing
Cho hai duong thang As: ax+by+c =0 va Az
a,x+b,y+c, =0.
Toa do giao diém ciia A1 va A 13 nghiém ctia hé
phuong trinh:
{a]x+bly+c] =0
a,x+b,y+c, =0

1)

e A1 cit A2 < hé (1) c6 mot nghiém

a, b s
<:>—¢b— (néeu a,,b,,c, #0)

4 5

o A1/l A2 < hé (1) vO nghiém =

9 ﬁ # a (néu a,,by,c, #0)

a, by, ¢
e A1=A2 < hé (1) ¢6 vo sb nghibm <

Z—l = l[j—l = s—l (néu a,,b,,c, #0)

2 Y &9
8. Géc giira hai dwong thing
e Géc gita hai dwong thang cdt nhau la géc
khéng ti tao boi hai dwong thang do
+ M L A = (M, A) = 90°
+ M1 Ay = (M, &) =(0°
00 <(41, 42) <90°
eCho Ar1: axx+ by +¢1=0
Arsaxx + by +c2=0

¢ = (A1, A).
COS¢:‘Cos(ﬁl,ﬁ2)‘ — ‘anl-naz‘
5[5
‘alaZ er1}’2‘

=[cosp =

Ja2 b2 a2 +b3
oA L N <azax+bibp=0
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e A1l y = Kix + my; Ay =kox+my
A1 L A & Kiko=-1
9. Khoang cac tir mdt diém dén mét dwong thing

Cho A: ax + by + ¢ =0va Mo(Xo; Yo).
ax, + by, +c
a(v; )= 20 PYo +d
Ja® +b?
d(M;0x) =|y,| ; d(M;0y)=|x,|
10. Vi tri twong dbi ciia hai diém dbi véi mpt
dwong thang
Cho duodng thang A: ax+by+c=0 va hai diém
M(XM;yM)7 N(XN;yN) ¢ A
¢) M, N nam cung phia ddi voi A
< (ax,, +by,, +c)axy +by, +¢)>0.
¢) M, N nam khéc phia d6i véi A
< (ax,, +by,, +c)axy +byy +¢)<0.
11. Phwong trinh duwdng tron
e Phuwong trinh dwong tron (C) tdm
I(a; b), ban kinh R:
(x—a)?+(y—b)*=R?
e Phuong trinh duwong tron (C) tdm
O(0; 0), ban kinh R: x?+y?2 =R?
oPhuong trinh:x? +y? —2ax—-2by +c=0
véi a? + b? — ¢ > 0 la phuong trinh dwong tron

tam 1(a; b), ban kinh R = Va? +b* —c .

e Cho (C) cé tam I(a; b), M(Xo; Yo) € (C). Phuong
trinh tiéb tuyén voi (C) tai

Mo(Xo; Yo): (Xo—a)(X—Xo) + (Yo—b)(y—Yo)=0

o Nhin xét : Ala tiép tuyén ciia (C)

<d(l, 4 =R

12. Phwong trinh Elip

12.1 Pinh nghia

Cho Fy, F2 ¢6 dinh véi FF, =2¢ (c > 0).

M e(E) < MF,+ MF, =2a (a>c¢)
F1, Fa: Cac tiéu diém, FF, =2c: tiéu cu.
12.2 Phuong trinh chinh tic cia elip

2 2
il o1 (a>p>0,b7=d>=cH)
a b
e Toa d9 céc tiéu diém: Fj(—c;0), F,(c;0).

* Vi M(x; y) € (E), MF;,MF, dgl cic ban kinh
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qua tiéu diém cta M.

, . C
MF, =a+ex, MF, =a—ex ,v0i € =—
a

12.3 Hinh dang cua elip
e (E) nhal:l cac truc toa do 12:11’1’1 cac truc doi
xung va goc toa do lam tdm doi xang.
e Toa d0 cac dinh:
A(—=a;0), A,(a;0), B(0;—-b), B,(0;b)
e B dai cac truc:
truc 16n: AjA, =2a ,truc nho: BB, =2b

e Tam sai cﬁa(E):ez£ (0O<e<l)
a

e Hinh chir nhat co so: tao ,b(”yi cac duong
thang x =ta, y =1b (ngoai ti€p elip).
12.4 Puwong chuin cia elip
e Phuong trinh cidc duong chuin Aj ing voi
céc tidu didm Fi la; x+ <=0
e
e V6iM e (E) ta co:

MF, MF.

_ 2
dM,q) dM,A,)
13. Phwong trinh Hypebol
13.1. Pinh nghia
Cho Fy, F2 ¢b dinh véi FF, =2¢ (¢ > 0).

M e(H)<|MF,-MF|=2a (a<c)

=e(e<l)

F1, Fa: cac tiéu diém, FF, =2c: tiéu cu.
13.2. Phuong trinh chinh tic ciia hypebol
2 2
Y o1 (ab>0,b*=c-d?)
at b
e Toa do cac tiéu diém: F(=¢;0), F,(¢;0).
e V6i M(X; y) € (H), MF,,MF, dgl cac ban

kinh qua tiéu diém cua M.

MF, = , MF, =

C c .. c
a+—x a——x|,Vol e=—
a a a

13.3. Hinh dang ctia hypebol
e (H) nhan cac truc toa do lam cac truc ddi
ximng va goc toa do 1am tam dbi xtmg.
e Toa d9 céc dinh: A;(—a;0), A, (a;0)

B, (0;b);B, (0;b)
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e Do dai cac truc:
truc thuc: AA, = 2a, truc do: BB, =2b

e Tam sai cua (H): e=< (e>1)
a

° }{inh chit nhat co so: tao boi cac duong
thang x =ta, y==b.

e Phuong trinh cic dudng tiém can:

y=t—x.
a

13.4. Puwdng chuin cia hypebol
e Phuong trinh cac duong chuin Ai Gmg véi
cc tiéu diém Fila: x+<=0
e
e VGiM e (H) ta cé:

MF, MF.

— 2 _
dM,q) d(M,A,)
14. Phwong trinh Parabol
14.1. Pinh nghia
Cho diém F va duong thang A khong di qua F.
M e(P)< MF=d(M, A)
F: ticu diém, A: duong chuén,
p=d(F,A): tham s} tiéu.
14.2. Phwong trinh chinh tic ctia parabol

¥ =2px (p>0)

e Toa d¢ tiéu diém: F(%;O] .

e(e<1)

e Phuong trinh duong chuan: A: x +§ =0.
e V&i M(x; y) € (P), ban kinh qua tiéu
diém cia M 1a MF=x+§.
15.4. Hinh dang cta parabol
e (P) ndm vé phia bén phai ctia tryc tung.
e (P) nhan truc hoanh lam tryc d6i xtmg.
e Toa do dinh: 0(0;0)
e Tam sai: e=1.
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Muc Luc
0, Loi néi dau

1, Khdo sdt ham sé

2, Toa do véc to trong khong gian

3, Thong ké

4, Nguyén ham- tich phan- #rng dung
5, Té hop- Nhi thirc Niu ton

6, Xdc suit

7, Mii-L6 ga

8, Ham so- Phwong trinh lwong gidc
9, Day so- Cip so cong- cip so nhin
10, Gioi Han

11, Hinh hoc khong gian

12, Phwong phap toa dj
trong mdt phang
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